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73Classification 2

🌏
🤔

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️

☔️
<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by



73Classification with probabilistic prediction 3

🌏
<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️

☔️
<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by

☀️☔️

60% : 40% 🤔

<latexit sha1_base64="zTtLn7lFVGPdpBvvJUcwt0gk1Ok="></latexit>

bp



73Classification with probabilistic prediction 4

🌏
<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️

☔️
<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by

☀️☔️

60% : 40% 🤔

<latexit sha1_base64="zTtLn7lFVGPdpBvvJUcwt0gk1Ok="></latexit>

bp

☀️☔️

80% : 20%

🎲

<latexit sha1_base64="yeRITqk7VpOoPkao0doMmH/23Sw=">AAACTXicfZBNSwMxEIaz9bt+Vo9eFosgImVXSvVY0IMXsaJtBbfKbDpdQ5PskmTFsvQneNWf5dkf4k3E9EPQKg4EHt55w8y8YcKZNp736uSmpmdm5+YX8otLyyura4X1ho5TRbFOYx6rqxA0ciaxbpjheJUoBBFybIbdo0G/eY9Ks1heml6CLQGRZB1GwVjpIrnZvV0reiVvWO5v8MdQJOOq3RacctCOaSpQGspB62vfS0wrA2UY5djPB6nGBGgXIry2KEGgbmXDXfvutlXabidW9knjDtXvPzIQWvdEaJ0CzJ2e7A3EP3uhmJhsOoetjMkkNSjpaHAn5a6J3UEQbpsppIb3LABVzO7u0jtQQI2NK58PjtEep/DUDjpLUIGJ1W4WgIoEk317bBTsDeg/Izx8GS3ZnP3JVH9DY7/kV0qV83KxejROfJ5ski2yQ3xyQKrkhNRInVASkUfyRJ6dF+fNeXc+RtacM/6zQX5Ubu4TEwK0Bg==</latexit>

p⇤

Q. How reasonable is  ?̂p



73Calibrated prediction
ӳ Predictor    is calibrated iff    holds for any  

<latexit sha1_base64="96psnSMSklpqz30efIBwzDKkp9M="></latexit>

f : X ! [0, 1]
<latexit sha1_base64="mLuQvFpbvCAgkk/zqml9teFBIGA="></latexit>

E[Y = 1|f(X) = v] = v
<latexit sha1_base64="O/TNMAqXD/6TLsHkuGVO9QVyxnQ="></latexit>

v 2 [0, 1]

5

🌏

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x <latexit sha1_base64="ghSVp1ibPVCCIRioelkSmg/G2LY=">AAACS3icfZDPSgMxEMaz9X/91+rRy2IRRKTsSqkeC/XgRVSwtdAtMptOazDJLkm2WJY+gVd9LB/A5/AmHkzrCtqKA4Ef33xhZr4w5kwbz3t1cnPzC4tLyyv51bX1jc1Ccaupo0RRbNCIR6oVgkbOJDYMMxxbsUIQIceb8L4+7t8MUGkWyWszjLEjoC9Zj1EwVroa3BZKXtmblDsLfgYlktXlbdGpBN2IJgKloRy0bvtebDopKMMox1E+SDTGQO+hj22LEgTqTjrZdOTuWaXr9iJlnzTuRP35IwWh9VCE1inA3Onp3lj8sxeKqcmmd9JJmYwTg5J+De4l3DWRO47B7TKF1PChBaCK2d1degcKqLFh5fPBKdrjFJ7bQRcxKjCROkgDUH3B5Mge2w8Ox/SfER6+jZZszv50qrPQPCr71XL1qlKq1bPEl8kO2SX7xCfHpEbOyCVpEEqQPJIn8uy8OG/Ou/PxZc052Z9t8qtyC5/PyLNw</latexit>v

☀️ = 60%

🌏 ☀️ = 60%

🌏 ☀️ = 60%

🌏 ☀️ = 60%

🌏 ☀️ = 60%

🌏 ☀️ = 50%

60%
🎲

🎲

🎲

🎲

🎲

☀️

☀️

☀️

☔️

☔️

<latexit sha1_base64="KgDhIumMmgJR5Go00Yuc+VxfdEU=">AAACS3icfZDPSgMxEMaz1Wqtf6tHL4tFEJGyK0U9FurBi6hgreCWMptO29AkuyRZsSx9Aq/6WD6Az+FNPJitFbQVBwI/vvnCzHxhzJk2nvfq5Obm8wuLhaXi8srq2vpGafNGR4mi2KARj9RtCBo5k9gwzHC8jRWCCDk2w0E96zfvUWkWyWszjLEloCdZl1EwVroatjfKXsUblzsL/gTKZFKX7ZJTDToRTQRKQzlofed7sWmloAyjHEfFINEYAx1AD+8sShCoW+l405G7a5WO242UfdK4Y/XnjxSE1kMRWqcA09fTvUz8sxeKqcmme9JKmYwTg5J+De4m3DWRm8XgdphCavjQAlDF7O4u7YMCamxYxWJwivY4hed20EWMCkyk9tMAVE8wObLH9oKDjP4zwsO30ZLN2Z9OdRZuDiv+UeXoqlqu1SeJF8g22SF7xCfHpEbOyCVpEEqQPJIn8uy8OG/Ou/PxZc05kz9b5Ffl8p/VfbNz</latexit>y
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ӳ Predictor    is calibrated iff    holds for any   

ӳ How to measure calibration? 
Զ ECE (Expected Calibraiton Error)

<latexit sha1_base64="96psnSMSklpqz30efIBwzDKkp9M="></latexit>

f : X ! [0, 1]
<latexit sha1_base64="mLuQvFpbvCAgkk/zqml9teFBIGA="></latexit>

E[Y = 1|f(X) = v] = v
<latexit sha1_base64="O/TNMAqXD/6TLsHkuGVO9QVyxnQ="></latexit>

v 2 [0, 1]

confidence of predictor in bin  
(corresp. to )

Bm

v
fraction of Y=1 samples in bin  

(corresp. to )
Bm

𝔼[Y = 1 | f(X) = v]

Calibrated prediction 6

<latexit sha1_base64="L2l48LxwUHp7e+O0E3FLWgxVfyc="></latexit>

ECE =
MX

m=1

|Bm|
n

|acc(Bm)� conf(Bm)|

B1 B2 B3 B4 B5 B6

0 1
1
6

2
6

3
6

4
6

5
6



73Modern neural nets are not well-calibrated 7

Guo, C., Pleiss, G., Sun, Y., & Weinberger, K. Q. (2017). On calibration of modern neural networks. In ICML.

[Guo+ 2017]



73Post-hoc calibration 8

🌏
<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️☔️

<latexit sha1_base64="zTtLn7lFVGPdpBvvJUcwt0gk1Ok="></latexit>

bp
not well-calibrated

☀️☔️

<latexit sha1_base64="aASYZHI//jbVKjDAhU9EsFW5/EA="></latexit>

ep

🔨

post-hoc calibration 
(recalibration)
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regression error to true label y

regression input  and output  
are monotone

z ̂y

Isotonic regression 9

<latexit sha1_base64="CqxoKl3KB4xhXwoM4NaB9HOEV3s="></latexit>

min
ŷ1,...,ŷn2R

X

i2[n]

(yi � ŷi)
2

subject to (f(xi)� f(xj))(ŷi � ŷj) � 0 8(i, j) 2 [n]2.<latexit sha1_base64="SYubCoKDJIEqzenP6idlCevg4ZA="></latexit>zi � zj

https://qiita.com/hari64/items/23d8e8f20879871b2209
 a

nd
 

y i
̂ y i
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use raw prediction  as 
regression input

f(x)

Isotonic regression as recalibrator 10

<latexit sha1_base64="CqxoKl3KB4xhXwoM4NaB9HOEV3s="></latexit>

min
ŷ1,...,ŷn2R

X

i2[n]

(yi � ŷi)
2

subject to (f(xi)� f(xj))(ŷi � ŷj) � 0 8(i, j) 2 [n]2.

ӳ Good news: IR minimizes ECE (on the training set) [Berta+ 2024]

ӳ Bad news: IR is only applicable to binary classification 

Զ Why? Because ˘monotonicity˙ cannot be straightforwardly extended beyond ℝ

E. Berta, F. Bach, and M. Jordan. (2024) Classifier calibration with ROC-regularized isotonic regression. In AISTATS.

 a
nd

 
f(x

i)
̂ y i



Brenier Isotonic Regression

Joint work with Amirreza and Yutong, 
and will be presented at AISTATS2026



73Multivariate monotonicity is non-trivial 12

<latexit sha1_base64="B0t5IXpi5/dwBVUG4mSE2Lxqcdo="></latexit>

min
ŷ1,...,ŷn2RK

X

i2[n]

kyi � ŷik2

subject to f(xi) 2 RK and ŷi 2 RK are “monotone”

???
ӳ Coordinate-wise monotonicity? 

ӳ Operator monotonicity?
<latexit sha1_base64="Hja81oxj7sxC68k1sRuFRuSbRBI="></latexit>

hf(xi)� f(xj), ŷi � ŷji � 0 for 8i, j 2 [n]

<latexit sha1_base64="rB4ExlL9RgOO2AFO1nJPSns5yMg="></latexit>

z � z0 () zi  z0i for 8i 2 [K]



73Multiclass classification 13

🌏
🤔

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️

☁️

☔️

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by
feature class



73Multiclass classification 14

🌏
🤔

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️☔️☁️

<latexit sha1_base64="4ivLEJ7Fu11rDQ7iwQ976f86JU8="></latexit>

r = f(x)

<latexit sha1_base64="UXgnZhucLLIyKxxyuDmLz6hD2XQ=">AAACPHicfZDLSsNAFIYn9VbjrdWlm2ApiEhJRNRlURduxBasFZoiJ9OTdnAyCTMTsYQ+gVt9Hd/DvTtx69rpRdAqHhj4+M8/M+f8QcKZ0q77YuVmZufmF/KL9tLyyupaobh+peJUUmzQmMfyOgCFnAlsaKY5XicSIQo4NoPbk2G/eYdSsVhc6n6C7Qi6goWMgjZSPbwplNyKOyrnN3gTKJFJ1W6KVtnvxDSNUGjKQamW5ya6nYHUjHIc2H6qMAF6C11sGRQQoWpno0kHTtkoHSeMpTlCOyP1+40MIqX6UWCcEeiemu4Nxb96rVSHR+2MiSTVKOj4ozDljo6d4dpOh0mkmvcNAJXMzOrQHkig2oRj2/4pmmUknpuHLxKUoGO5k/kguxETA7Nc198d0n9GuP8yGrJNsN50jL/haq/iHVQO6vul6vEk4jzZJFtkm3jkkFTJGamRBqEEyQN5JE/Ws/VqvVnvY2vOmtzZID/K+vgEIGytyA==</latexit>

f

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by
feature report class

☀️

☁️

☔️



73Multiclass classification in GLM viewpoint 15

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x
feature report

<latexit sha1_base64="e4ck3ALaJZwUqB3v3+lxQ/HXT6U=">AAACVXicfZDbSsNAEIY3sZ7qWS+9CRZBREoiol6KeuGNqGBtoSllsp3WxT2E3Y1YQh/DW30s8WEEN7WCtuLAwsc//zIzf5JyZmwYvnv+VGl6ZnZuvrywuLS8srq2fmdUpinWqOJKNxIwyJnEmmWWYyPVCCLhWE8ezop+/RG1YUre2n6KLQE9ybqMgnVSMxZg7ynwvDFor1bCajisYBKiEVTIqK7ba95B3FE0Eygt5WBMMwpT28pBW0Y5DspxZjAF+gA9bDqUINC08uHOg2DbKZ2gq7R70gZD9eePHIQxfZE4Z7GjGe8V4p+9RIxNtt3jVs5kmlmU9GtwN+OBVUERSNBhGqnlfQdANXO7B/QeNFDrYiuX43N0x2m8dIOuUtRgld7NY9A9weTAHduL9wr6zwhP30ZHLudoPNVJuNuvRofVw5uDysnpKPE5skm2yA6JyBE5IRfkmtQIJYo8kxfy6r15H37Jn/my+t7ozwb5Vf7KJ9HuteU=</latexit>X
<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK
<latexit sha1_base64="7qLjfGITea1CujQN47RyKJ8Mpzw="></latexit>

4K

model inverse link

class

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by

probability 
<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="4ivLEJ7Fu11rDQ7iwQ976f86JU8="></latexit>

r = f(x)



73Multiclass classification in GLM viewpoint
ӳ Define  report space   for -class classification 

ӳ Inverse link function  maps report   to prediction  

Զ e.g. logistic link    (softmax)

<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK <latexit sha1_base64="Nr9uL+tRMlPc9nuFwUIiXDkMwJ4=">AAACS3icfZDPSgMxEMaz1Wqtf6tHL4tFEJGyK6V6FPUgiGjBtkK3lNl0WkOT7JJkxbL0CbzqY/kAPoc38WBaK2gVBwI/vvnCzHxhzJk2nvfiZGZms3PzuYX84tLyyupaYb2uo0RRrNGIR+omBI2cSawZZjjexApBhBwbYf9k1G/codIsktdmEGNLQE+yLqNgrFQ9b68VvZI3Lvc3+BMokkldtQtOOehENBEoDeWgddP3YtNKQRlGOQ7zQaIxBtqHHjYtShCoW+l406G7bZWO242UfdK4Y/X7jxSE1gMRWqcAc6uneyPxz14opiab7mErZTJODEr6ObibcNdE7igGt8MUUsMHFoAqZnd36S0ooMaGlc8Hp2iPU3hhB13GqMBEajcNQPUEk0N7bC/YG9F/Rrj/MlqyOfvTqf6G+n7Jr5Qq1XLx6HiSeI5ski2yQ3xyQI7IGbkiNUIJkgfySJ6cZ+fVeXPeP60ZZ/Jng/yoTPYDfa6zRA==</latexit>

K
<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1
<latexit sha1_base64="KBrI+WRvN8e2YtDDweU46euXd9M="></latexit>

r 2 RK
<latexit sha1_base64="x6/toyfrTsqpdZzgnXB2I3V0/Ms="></latexit>

bp 2 4K

<latexit sha1_base64="Bh5F6BWigFbP80WSlRtA9LsCHTc="></latexit>

 �1(r)i =
exp(ri)PK
j=1 exp(rj)

16

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r <latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="ANyGGMy7G7Vy6juTYoAZUJB2uGE="></latexit>

bp = E[Y |X = x] =  �1(r) =  �1(W ⇤x)



73Multiclass classification in GLM viewpoint
ӳ Define  report space   for -class classification 

ӳ Inverse link function  maps report   to prediction  

Զ e.g. logistic link    (softmax)

<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK <latexit sha1_base64="Nr9uL+tRMlPc9nuFwUIiXDkMwJ4=">AAACS3icfZDPSgMxEMaz1Wqtf6tHL4tFEJGyK6V6FPUgiGjBtkK3lNl0WkOT7JJkxbL0CbzqY/kAPoc38WBaK2gVBwI/vvnCzHxhzJk2nvfiZGZms3PzuYX84tLyyupaYb2uo0RRrNGIR+omBI2cSawZZjjexApBhBwbYf9k1G/codIsktdmEGNLQE+yLqNgrFQ9b68VvZI3Lvc3+BMokkldtQtOOehENBEoDeWgddP3YtNKQRlGOQ7zQaIxBtqHHjYtShCoW+l406G7bZWO242UfdK4Y/X7jxSE1gMRWqcAc6uneyPxz14opiab7mErZTJODEr6ObibcNdE7igGt8MUUsMHFoAqZnd36S0ooMaGlc8Hp2iPU3hhB13GqMBEajcNQPUEk0N7bC/YG9F/Rrj/MlqyOfvTqf6G+n7Jr5Qq1XLx6HiSeI5ski2yQ3xyQI7IGbkiNUIJkgfySJ6cZ+fVeXPeP60ZZ/Jng/yoTPYDfa6zRA==</latexit>

K
<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1
<latexit sha1_base64="KBrI+WRvN8e2YtDDweU46euXd9M="></latexit>

r 2 RK
<latexit sha1_base64="x6/toyfrTsqpdZzgnXB2I3V0/Ms="></latexit>

bp 2 4K

<latexit sha1_base64="Bh5F6BWigFbP80WSlRtA9LsCHTc="></latexit>

 �1(r)i =
exp(ri)PK
j=1 exp(rj)

17

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r <latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="ANyGGMy7G7Vy6juTYoAZUJB2uGE="></latexit>

bp = E[Y |X = x] =  �1(r) =  �1(W ⇤x)
<latexit sha1_base64="SdDEkcfAgdZXeNW2T1FgM8++axs="></latexit>

r�(W ⇤x)
gradient of convex potential Φ
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18univariate multivariate

monotone function

convex function

<latexit sha1_base64="GXbkfYMlUZJdXFBj+JGZUMr6LZk="></latexit>

d

dx

<latexit sha1_base64="EGQolKph316vdwm4kKiMJTX9Ljo=">AAACUHicfZBNSwMxEIZn6/f6rUcvi0UQkbIroh5FPXgRFWwV3CKz6bTGJtklyYpl6X/wqj/Lm//Em6a1glZxIOThnTfM5E0ywY0Nw1evNDI6Nj4xOeVPz8zOzS8sLtVMmmtGVZaKVF8laEhwRVXLraCrTBPKRNBl0j7s9S/vSRueqgvbyagusaV4kzO0TqrFChOBNwvlsBL2K/gN0QDKMKizm0VvO26kLJekLBNozHUUZrZeoLacCer6cW4oQ9bGFl07VCjJ1Iv+ut1gzSmNoJlqd5QN+ur3FwVKYzoycU6J9tYM93rin71EDk22zb16wVWWW1Lsc3AzF4FNg14WQYNrYlZ0HCDT3O0esFvUyKxLzPfjI3Kf03TiBp1mpNGmeqOIUbckV1332Va82aP/jPjwZXTkco6GU/0Nta1KtFPZOd8u7x8MEp+EFViFdYhgF/bhGM6gCgzu4BGe4Nl78d6895L3af26YRl+VMn/AAfytIY=</latexit>r

cyclic monotone 
function
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ӳ Keep in mind:

Cyclic monotonicity 19

                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

function input corresponding gradient ˘ ˙
<latexit sha1_base64="wZzKOJrxb1gxXbh4p7DG3Ueb05U="></latexit>

r�(xi)

<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ �

R. T. Rockafellar. Characterization of the subdifferentials of convex functions. Pacific Journal of Mathematics, 17(3):497–510, 1966.

[Rockafellar 1966]
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

 is convex
<latexit sha1_base64="EuDHglsSQWZ1bjYM89pxjFArxI4="></latexit>

� : RK ! R
operator monotone 

<latexit sha1_base64="ZeK7ZiQWTUjDXK/DGiA8Kbr0Mk0="></latexit>

hr�(x)�r�(x0),x� x0i � 0

✅

R. T. Rockafellar. Characterization of the subdifferentials of convex functions. Pacific Journal of Mathematics, 17(3):497–510, 1966.

[Rockafellar 1966]
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

operator monotone 
<latexit sha1_base64="cvw99heH5uYKI4U/AKTSJpn5Y/E="></latexit>

h'(x)� '(x0),x� x0i � 0

✅

R. T. Rockafellar. Characterization of the subdifferentials of convex functions. Pacific Journal of Mathematics, 17(3):497–510, 1966.

[Rockafellar 1966]

there exists convex  s.t. 
<latexit sha1_base64="VcmgfTo32kMe3rGezLlLxTaOWvE=">AAACTnicfZBNSwMxEIaz9avWr1aPXhaLICJlV0r1WKgHL2IFq4JbZDadbYNJdkmyYln6F7zqz/LqH/Emmq0VtIoDgYd33jAzb5hwpo3nvTiFmdm5+YXiYmlpeWV1rVxZv9Bxqih2aMxjdRWCRs4kdgwzHK8ShSBCjpfhbSvvX96h0iyW52aYYFdAX7KIUTC5FLQH7KZc9WreuNzf4E+gSibVvqk49aAX01SgNJSD1te+l5huBsowynFUClKNCdBb6OO1RQkCdTcbLztyt63Sc6NY2SeNO1a//8hAaD0UoXUKMAM93cvFP3uhmJpsosNuxmSSGpT0c3CUctfEbp6E22MKqeFDC0AVs7u7dAAKqLF5lUrBEdrjFJ7YQacJKjCx2s0CUH3B5Mge2w/2cvrPCPdfRks2Z3861d9wsV/zG7XGWb3abE0SL5JNskV2iE8OSJMckzbpEEoG5IE8kifn2Xl13pz3T2vBmfzZID+qUPwANj20lQ==</latexit>

�
<latexit sha1_base64="xrRQDdQjyH6Id2/i2mjm0P89c9w="></latexit>

r� = '
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

cyclic monotone 
<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RKthere exists convex  s.t. 
<latexit sha1_base64="VcmgfTo32kMe3rGezLlLxTaOWvE=">AAACTnicfZBNSwMxEIaz9avWr1aPXhaLICJlV0r1WKgHL2IFq4JbZDadbYNJdkmyYln6F7zqz/LqH/Emmq0VtIoDgYd33jAzb5hwpo3nvTiFmdm5+YXiYmlpeWV1rVxZv9Bxqih2aMxjdRWCRs4kdgwzHK8ShSBCjpfhbSvvX96h0iyW52aYYFdAX7KIUTC5FLQH7KZc9WreuNzf4E+gSibVvqk49aAX01SgNJSD1te+l5huBsowynFUClKNCdBb6OO1RQkCdTcbLztyt63Sc6NY2SeNO1a//8hAaD0UoXUKMAM93cvFP3uhmJpsosNuxmSSGpT0c3CUctfEbp6E22MKqeFDC0AVs7u7dAAKqLF5lUrBEdrjFJ7YQacJKjCx2s0CUH3B5Mge2w/2cvrPCPdfRks2Z3861d9wsV/zG7XGWb3abE0SL5JNskV2iE8OSJMckzbpEEoG5IE8kifn2Xl13pz3T2vBmfzZID+qUPwANj20lQ==</latexit>

�
<latexit sha1_base64="kkHDb+V3ArOY34Lp9MI5v5HAUF8="></latexit>

graph(@�) = �

✅

❎️
<latexit sha1_base64="4Mz5Io+SUJYQYnXLNXjKdv0GkY4="></latexit>

� = graph(')

✅

✅

R. T. Rockafellar. Characterization of the subdifferentials of convex functions. Pacific Journal of Mathematics, 17(3):497–510, 1966.

[Rockafellar 1966]

operator monotone 
<latexit sha1_base64="cvw99heH5uYKI4U/AKTSJpn5Y/E="></latexit>

h'(x)� '(x0),x� x0i � 0
there exists convex  s.t. 

<latexit sha1_base64="VcmgfTo32kMe3rGezLlLxTaOWvE=">AAACTnicfZBNSwMxEIaz9avWr1aPXhaLICJlV0r1WKgHL2IFq4JbZDadbYNJdkmyYln6F7zqz/LqH/Emmq0VtIoDgYd33jAzb5hwpo3nvTiFmdm5+YXiYmlpeWV1rVxZv9Bxqih2aMxjdRWCRs4kdgwzHK8ShSBCjpfhbSvvX96h0iyW52aYYFdAX7KIUTC5FLQH7KZc9WreuNzf4E+gSibVvqk49aAX01SgNJSD1te+l5huBsowynFUClKNCdBb6OO1RQkCdTcbLztyt63Sc6NY2SeNO1a//8hAaD0UoXUKMAM93cvFP3uhmJpsosNuxmSSGpT0c3CUctfEbp6E22MKqeFDC0AVs7u7dAAKqLF5lUrBEdrjFJ7YQacJKjCx2s0CUH3B5Mge2w/2cvrPCPdfRks2Z3861d9wsV/zG7XGWb3abE0SL5JNskV2iE8OSJMckzbpEEoG5IE8kifn2Xl13pz3T2vBmfzZID+qUPwANj20lQ==</latexit>

�
<latexit sha1_base64="xrRQDdQjyH6Id2/i2mjm0P89c9w="></latexit>

r� = '
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Q. How to impose this?

˘Cyclic monotone˙ isotonic regression 23

<latexit sha1_base64="sc7uSFEtfD+mhgQyOPuqgpCllRE="></latexit>

min
ŷ1,...,ŷn2RK

X

i2[n]

kyi � ŷik2

subject to {(f(xi), ŷi)}i2[n] is cyclic monotone

                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition
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24

                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3
<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="ybmsJTnSQGw9BKVbfv7Y/JPIh0c="></latexit>

RK
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3
<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="9IMkCCmSZ24yF1b6VeRpgYfpzMU="></latexit> mX

i=1

kxi � yik2=
<latexit sha1_base64="ybmsJTnSQGw9BKVbfv7Y/JPIh0c="></latexit>

RK
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3
<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="9IMkCCmSZ24yF1b6VeRpgYfpzMU="></latexit> mX

i=1

kxi � yik2=
<latexit sha1_base64="ybmsJTnSQGw9BKVbfv7Y/JPIh0c="></latexit>

RK
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                            A relation  is cyclic monotone if, for any  and any family 

, the following inequality holds (with convention ): 

<latexit sha1_base64="Q/d+wE9wb0JoyyoyC7qZA/WyfTU="></latexit>

� ✓ RK ⇥ RK <latexit sha1_base64="t7wS2U7EWTKZ0yyJIhVPxmp5zsE="></latexit>

m 2 N
<latexit sha1_base64="YVA3Z+6z/TmqB5Lq2NrO9fAsy/s="></latexit>

{(xi,yi)}i2[m] ✓ � <latexit sha1_base64="RW9oixVezL2Hxx5u+/iS6IOTU3Q="></latexit>ym+1 = y1

<latexit sha1_base64="XUkiF8e+nzCvWaGZEje3P17JB8s="></latexit> mX

i=1

kxi � yik2 
mX

i=1

kxi � yi+1k2

Definition

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3
<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="9IMkCCmSZ24yF1b6VeRpgYfpzMU="></latexit> mX

i=1

kxi � yik2=

=
<latexit sha1_base64="OpwX4NcC73TtQcGf8wuiKpP+qIM="></latexit> mX

i=1

kxi � yi+1k2

͞
<latexit sha1_base64="ybmsJTnSQGw9BKVbfv7Y/JPIh0c="></latexit>

RK



73Optimal transport is cyclic monotone!
ӳ Consider optimal transport problem 

Զ source  , target   

Զ cost  

<latexit sha1_base64="jN85BpY+QfvSqsDKYX/ZaJ5MHHo="></latexit>

µ = 1
n

P
i2[n] �xi

<latexit sha1_base64="WjPLR+LZ7PCvGmFT3L6BRPL5tdI="></latexit>

⌫ = 1
n

P
i2[n] �yi

<latexit sha1_base64="6JycwSxk8S9maS02CTtANOlvJm0="></latexit>

Cij = kxi � yjk2

28

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2
<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3

<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="Wl7IxXu2sOyPtfG9TS7o/lMW9+0=">AAACTXicfZBNSwMxEIaz9aO1frV69LJYBBEpuyLVo6AHL2JFawW3lNl0ug0m2SXJimXpT/CqP8uzP8SbiGmtoK04EHh45w0z84YJZ9p43quTm5mdm88XFoqLS8srq6Xy2rWOU0WxQWMeq5sQNHImsWGY4XiTKAQRcmyGd8fDfvMelWaxvDL9BFsCIsm6jIKx0mUg0nap4lW9UbnT4I+hQsZVb5ed/aAT01SgNJSD1re+l5hWBsowynFQDFKNCdA7iPDWogSBupWNdh24W1bpuN1Y2SeNO1J//shAaN0XoXUKMD092RuKf/ZCMTHZdA9bGZNJalDSr8HdlLsmdodBuB2mkBretwBUMbu7S3uggBobV7EYnKA9TuGZHXSeoAITq50sABUJJgf22CjYHdJ/Rnj4NlqyOfuTqU7D9V7Vr1VrF/uVo+Nx4gWyQTbJNvHJATkip6ROGoSSiDySJ/LsvDhvzrvz8WXNOeM/6+RX5fKfmBO0TA==</latexit>µ <latexit sha1_base64="8pNFaJ3FYb2BUggBinjXragD7JQ=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi6hoa6FbZDadrqFJdkmyYln6E7zqz/LsD/EmYvohaBUHAg/vvGFm3jDhTBvPe3VyM7Nz8/mFxcLS8srq2npxo6HjVFGs05jHqhmCRs4k1g0zHJuJQhAhx5uwVxv2b+5RaRbLa9NPsC0gkqzLKBgrXQUyvV0veWVvVO5v8CdQIpO6uC06laAT01SgNJSD1i3fS0w7A2UY5TgoBKnGBGgPImxZlCBQt7PRrgN3xyodtxsr+6RxR+r3HxkIrfsitE4B5k5P94bin71QTE023eN2xmSSGpR0PLibctfE7jAIt8MUUsP7FoAqZnd36R0ooMbGVSgEJ2iPU3hmB50nqMDEai8LQEWCyYE9Ngr2h/SfER6+jJZszv50qr+hcVD2D8uHl5VStTZJfIFskW2yS3xyRKrklFyQOqEkIo/kiTw7L86b8+58jK05Z/Jnk/yoXP4Tmfu0TQ==</latexit>⌫

      

where     (Birkhoff)

<latexit sha1_base64="x93cM+ZF6i0oH7vHrMY7ip8Z9Ow="></latexit>

min
P2B(n,n)

nX

i,j=1

CijPij

<latexit sha1_base64="H9F4/R5v44HNLaNgnIu7Vrc8VFI="></latexit>

B(n, n) = {P 2 Rn⇥n : nP1 = 1, nP>1 = 1}

                            The optimal coupling    has a cyclic monotone support  
<latexit sha1_base64="qorZk4ROQBD8+OpCkGvXoV4ehz0=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi1jRqtAtZTadrqFJdkmyYln6E7zqz/LsD/EmYloraCsOBB7eecPMvGHCmTae9+rkZmbn5vMLi4Wl5ZXVtfXixrWOU0WxQWMeq9sQNHImsWGY4XibKAQRcrwJe7Vh/+YelWaxvDL9BFsCIsm6jIKx0mW9vddeL3llb1TuNPhjKJFx1dtFpxJ0YpoKlIZy0Lrpe4lpZaAMoxwHhSDVmADtQYRNixIE6lY22nXg7lil43ZjZZ807kj9+SMDoXVfhNYpwNzpyd5Q/LMXionJpnvcyphMUoOSfg3uptw1sTsMwu0whdTwvgWgitndXXoHCqixcRUKwQna4xSe2UHnCSowsdrLAlCRYHJgj42C/SH9Z4SHb6Mlm7M/meo0XB+U/cPy4UWlVK2NE18gW2Sb7BKfHJEqOSV10iCUROSRPJFn58V5c96djy9rzhn/2SS/Kpf/BNe7s+c=</latexit>

P⇤
<latexit sha1_base64="tCHrAlrjit97xPx3cgjeOawT3pE="></latexit>

supp(P⇤)Theorem



73Optimal transport is cyclic monotone!
ӳ Consider optimal transport problem 

Զ source  , target   

Զ cost  

<latexit sha1_base64="jN85BpY+QfvSqsDKYX/ZaJ5MHHo="></latexit>

µ = 1
n

P
i2[n] �xi

<latexit sha1_base64="WjPLR+LZ7PCvGmFT3L6BRPL5tdI="></latexit>

⌫ = 1
n

P
i2[n] �yi

<latexit sha1_base64="6JycwSxk8S9maS02CTtANOlvJm0="></latexit>

Cij = kxi � yjk2
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where     (Birkhoff)

<latexit sha1_base64="x93cM+ZF6i0oH7vHrMY7ip8Z9Ow="></latexit>

min
P2B(n,n)

nX

i,j=1

CijPij

<latexit sha1_base64="H9F4/R5v44HNLaNgnIu7Vrc8VFI="></latexit>

B(n, n) = {P 2 Rn⇥n : nP1 = 1, nP>1 = 1}

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3

<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3
<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

                            The optimal coupling    has a cyclic monotone support  
<latexit sha1_base64="qorZk4ROQBD8+OpCkGvXoV4ehz0=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi1jRqtAtZTadrqFJdkmyYln6E7zqz/LsD/EmYloraCsOBB7eecPMvGHCmTae9+rkZmbn5vMLi4Wl5ZXVtfXixrWOU0WxQWMeq9sQNHImsWGY4XibKAQRcrwJe7Vh/+YelWaxvDL9BFsCIsm6jIKx0mW9vddeL3llb1TuNPhjKJFx1dtFpxJ0YpoKlIZy0Lrpe4lpZaAMoxwHhSDVmADtQYRNixIE6lY22nXg7lil43ZjZZ807kj9+SMDoXVfhNYpwNzpyd5Q/LMXionJpnvcyphMUoOSfg3uptw1sTsMwu0whdTwvgWgitndXXoHCqixcRUKwQna4xSe2UHnCSowsdrLAlCRYHJgj42C/SH9Z4SHb6Mlm7M/meo0XB+U/cPy4UWlVK2NE18gW2Sb7BKfHJEqOSV10iCUROSRPJFn58V5c96djy9rzhn/2SS/Kpf/BNe7s+c=</latexit>

P⇤
<latexit sha1_base64="tCHrAlrjit97xPx3cgjeOawT3pE="></latexit>

supp(P⇤)Theorem
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ӳ Consider optimal transport problem 

Զ source and target   

Զ cost  

<latexit sha1_base64="GVWwCnD054D/N5SGOHOalz4BzXg="></latexit>

µ, ⌫ 2 P(RK)
<latexit sha1_base64="JQw27nZPp0g0Ie1JlQpXNU2Vk7I="></latexit>

c(x,y) = kx� yk2

30

 

where  

<latexit sha1_base64="tq/b0FfuUzBzIf5xrcyKVn8D5y8="></latexit>

inf
⇡

⇢Z
c d⇡ : ⇡ 2 U(⇡, ⌫)

�

<latexit sha1_base64="42C0EFzf3AaGE2WUuUwZku8i34A="></latexit>

U(µ, ⌫) = {⇡ : ⇧1]⇡ = µ,⇧2]⇡ = ⌫}
<latexit sha1_base64="Wl7IxXu2sOyPtfG9TS7o/lMW9+0=">AAACTXicfZBNSwMxEIaz9aO1frV69LJYBBEpuyLVo6AHL2JFawW3lNl0ug0m2SXJimXpT/CqP8uzP8SbiGmtoK04EHh45w0z84YJZ9p43quTm5mdm88XFoqLS8srq6Xy2rWOU0WxQWMeq5sQNHImsWGY4XiTKAQRcmyGd8fDfvMelWaxvDL9BFsCIsm6jIKx0mUg0nap4lW9UbnT4I+hQsZVb5ed/aAT01SgNJSD1re+l5hWBsowynFQDFKNCdA7iPDWogSBupWNdh24W1bpuN1Y2SeNO1J//shAaN0XoXUKMD092RuKf/ZCMTHZdA9bGZNJalDSr8HdlLsmdodBuB2mkBretwBUMbu7S3uggBobV7EYnKA9TuGZHXSeoAITq50sABUJJgf22CjYHdJ/Rnj4NlqyOfuTqU7D9V7Vr1VrF/uVo+Nx4gWyQTbJNvHJATkip6ROGoSSiDySJ/LsvDhvzrvz8WXNOeM/6+RX5fKfmBO0TA==</latexit>µ <latexit sha1_base64="8pNFaJ3FYb2BUggBinjXragD7JQ=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi6hoa6FbZDadrqFJdkmyYln6E7zqz/LsD/EmYvohaBUHAg/vvGFm3jDhTBvPe3VyM7Nz8/mFxcLS8srq2npxo6HjVFGs05jHqhmCRs4k1g0zHJuJQhAhx5uwVxv2b+5RaRbLa9NPsC0gkqzLKBgrXQUyvV0veWVvVO5v8CdQIpO6uC06laAT01SgNJSD1i3fS0w7A2UY5TgoBKnGBGgPImxZlCBQt7PRrgN3xyodtxsr+6RxR+r3HxkIrfsitE4B5k5P94bin71QTE023eN2xmSSGpR0PLibctfE7jAIt8MUUsP7FoAqZnd36R0ooMbGVSgEJ2iPU3hmB50nqMDEai8LQEWCyYE9Ngr2h/SfER6+jJZszv50qr+hcVD2D8uHl5VStTZJfIFskW2yS3xyRKrklFyQOqEkIo/kiTw7L86b8+58jK05Z/Jnk/yoXP4Tmfu0TQ==</latexit>⌫

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

                             If  has a density w.r.t. the Lebesgue measure, there exists the optimal transport map 

 that can be written by  with some differentiable convex potential 

<latexit sha1_base64="Wl7IxXu2sOyPtfG9TS7o/lMW9+0=">AAACTXicfZBNSwMxEIaz9aO1frV69LJYBBEpuyLVo6AHL2JFawW3lNl0ug0m2SXJimXpT/CqP8uzP8SbiGmtoK04EHh45w0z84YJZ9p43quTm5mdm88XFoqLS8srq6Xy2rWOU0WxQWMeq5sQNHImsWGY4XiTKAQRcmyGd8fDfvMelWaxvDL9BFsCIsm6jIKx0mUg0nap4lW9UbnT4I+hQsZVb5ed/aAT01SgNJSD1re+l5hWBsowynFQDFKNCdA7iPDWogSBupWNdh24W1bpuN1Y2SeNO1J//shAaN0XoXUKMD092RuKf/ZCMTHZdA9bGZNJalDSr8HdlLsmdodBuB2mkBretwBUMbu7S3uggBobV7EYnKA9TuGZHXSeoAITq50sABUJJgf22CjYHdJ/Rnj4NlqyOfuTqU7D9V7Vr1VrF/uVo+Nx4gWyQTbJNvHJATkip6ROGoSSiDySJ/LsvDhvzrvz8WXNOeM/6+RX5fKfmBO0TA==</latexit>µ
<latexit sha1_base64="OXIMSAAgNG3fWOG15yAkQVMeP3E="></latexit>

T : RK ! RK <latexit sha1_base64="b8nlO4e2uo5PIe+5ElVPMsURQvU="></latexit>

T = r�
<latexit sha1_base64="tqDH+LwgQTajDqCiK1kpVDu+nag="></latexit>

� : RK ! R

Theorem

Y. Brenier. Polar factorization and monotone rearrangement of vector-valued functions. (1991)

[Brenier 1991]

<latexit sha1_base64="b8nlO4e2uo5PIe+5ElVPMsURQvU="></latexit>

T = r�
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Regular case General case

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2
<latexit sha1_base64="b8nlO4e2uo5PIe+5ElVPMsURQvU="></latexit>

T = r�

<latexit sha1_base64="pKN7jpzlRkec6WwbTBRU8wlg218="></latexit>x1

<latexit sha1_base64="SrTRMTcSf/Mu5oEceHdOa9QLs1Q="></latexit>x2
<latexit sha1_base64="To++idKjuUaDz4RESkAtTA6hPH4="></latexit>x3

<latexit sha1_base64="mXuI/xnk4qQ4V8Lix51EtF8Ki3w="></latexit>y3

<latexit sha1_base64="EWQBfitcKHRswA8Y/m5opAtWcFU="></latexit>y2

<latexit sha1_base64="4O5LZ7+NOoOPsZ2Z842cs3wENXY="></latexit>y1

<latexit sha1_base64="cM3BX8ULxbXBWR0XFmVyfLQC69U=">AAACS3icfZDLSgMxFIYz9VbrrdWlm8EiiEiZEVGXhbpwI7Zgq+CUciY9bUOTzJBkxDL0CdzqY/kAPoc7cWF6EbQVDwQ+/vOHc84fxpxp43lvTmZhcWl5JbuaW1vf2NzKF7YbOkoUxTqNeKTuQtDImcS6YYbjXawQRMjxNuxXRv3bB1SaRfLGDGJsCuhK1mEUjJVq1Va+6JW8cbnz4E+hSKZVbRWck6Ad0USgNJSD1ve+F5tmCsowynGYCxKNMdA+dPHeogSBupmONx26+1Zpu51I2SeNO1Z//khBaD0QoXUKMD092xuJf/ZCMTPZdM6bKZNxYlDSyeBOwl0TuaMY3DZTSA0fWACqmN3dpT1QQI0NK5cLLtAep/DKDrqOUYGJ1GEagOoKJof22G5wNKL/jPD4bbRkc/ZnU52HxnHJPy2d1k6K5co08SzZJXvkgPjkjJTJJamSOqEEyRN5Ji/Oq/PufDifE2vGmf7ZIb8qs/QFh36zSg==</latexit>

P

Transport map is  
(Brenier)

<latexit sha1_base64="u3he6wkXwAJBBO1CPpp4zs56Yg8="></latexit>

r� Optimal coupling is cyclic monotone 
(Kantorovich [Villani 2008, Thm 5.10])

we use this

Cédric Villani. Optimal Transport: Old and New, 2008.
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meaning:  is optimal transport map
<latexit sha1_base64="oa/sWJHjrzZ0C35htm79Ty9OKLE="></latexit>

f(xi) 7! ŷj

<latexit sha1_base64="x93cM+ZF6i0oH7vHrMY7ip8Z9Ow="></latexit>

min
P2B(n,n)

nX

i,j=1

CijPij

optimal coupling 
P*

OT map = Barycentric map 
<latexit sha1_base64="68661e2/BGqf5phbKwNKxT0sJqc="></latexit>

T (xi) =

P
j2[n] P

⇤
ijyjP

j2[n] P
⇤
ij

= n
X

j2[n]

P ⇤
ijyj

<latexit sha1_base64="sc7uSFEtfD+mhgQyOPuqgpCllRE="></latexit>

min
ŷ1,...,ŷn2RK

X

i2[n]

kyi � ŷik2

subject to {(f(xi), ŷi)}i2[n] is cyclic monotone
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Source 
<latexit sha1_base64="47NQCmM1h+hahMyeYOSzCAHh0Tw="></latexit>

µ =
1

n

X

i2[n]

�f(xi)

Target 
<latexit sha1_base64="iymTuHgfg771v7xdEufnxjKF0qs="></latexit>

⌫ =
1

n

X

j2[n]

�uj

Barycenteric map (regression func) 
<latexit sha1_base64="4TH2Zbwi4gDpGvp3iP1O+NRCXBM="></latexit>

T (f(xi)) = n
X

j2[n]

P ⇤
ijuj

Brenier isotonic regression 33

<latexit sha1_base64="xJats88Ynr6g1U2Zzs1RL96HrdQ="></latexit>

min
⌫

X

i2[n]

kyi � ŷik2

subject to ŷi = T (f(xi)) and T is OT from µ to ⌫

Now we minimize regression error with respect to target measure ν
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<latexit sha1_base64="6vb3QHMTKfxe72SyOvB/A3f0Nfo="></latexit>

min
u1,...,un

X

i2[n]

����yi � n
X

j2[n]

P ⇤
ijuj

����
2

subject to P 2 argmin
P2B(n,n)

hC,P i

<latexit sha1_base64="Wl7IxXu2sOyPtfG9TS7o/lMW9+0=">AAACTXicfZBNSwMxEIaz9aO1frV69LJYBBEpuyLVo6AHL2JFawW3lNl0ug0m2SXJimXpT/CqP8uzP8SbiGmtoK04EHh45w0z84YJZ9p43quTm5mdm88XFoqLS8srq6Xy2rWOU0WxQWMeq5sQNHImsWGY4XiTKAQRcmyGd8fDfvMelWaxvDL9BFsCIsm6jIKx0mUg0nap4lW9UbnT4I+hQsZVb5ed/aAT01SgNJSD1re+l5hWBsowynFQDFKNCdA7iPDWogSBupWNdh24W1bpuN1Y2SeNO1J//shAaN0XoXUKMD092RuKf/ZCMTHZdA9bGZNJalDSr8HdlLsmdodBuB2mkBretwBUMbu7S3uggBobV7EYnKA9TuGZHXSeoAITq50sABUJJgf22CjYHdJ/Rnj4NlqyOfuTqU7D9V7Vr1VrF/uVo+Nx4gWyQTbJNvHJATkip6ROGoSSiDySJ/LsvDhvzrvz8WXNOeM/6+RX5fKfmBO0TA==</latexit>µ <latexit sha1_base64="8pNFaJ3FYb2BUggBinjXragD7JQ=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi6hoa6FbZDadrqFJdkmyYln6E7zqz/LsD/EmYvohaBUHAg/vvGFm3jDhTBvPe3VyM7Nz8/mFxcLS8srq2npxo6HjVFGs05jHqhmCRs4k1g0zHJuJQhAhx5uwVxv2b+5RaRbLa9NPsC0gkqzLKBgrXQUyvV0veWVvVO5v8CdQIpO6uC06laAT01SgNJSD1i3fS0w7A2UY5TgoBKnGBGgPImxZlCBQt7PRrgN3xyodtxsr+6RxR+r3HxkIrfsitE4B5k5P94bin71QTE023eN2xmSSGpR0PLibctfE7jAIt8MUUsP7FoAqZnd36R0ooMbGVSgEJ2iPU3hmB50nqMDEai8LQEWCyYE9Ngr2h/SfER6+jJZszv50qr+hcVD2D8uHl5VStTZJfIFskW2yS3xyRKrklFyQOqEkIo/kiTw7L86b8+58jK05Z/Jnk/yoXP4Tmfu0TQ==</latexit>⌫

<latexit sha1_base64="/yZvfv88dGJaa740876B8GBMjt4=">AAACS3icfZDLSgMxFIYz1Xqpt6pLN4NFEJEyI6W6FHThRlSwF+iUciY9bYNJZkgyYhn6BG71sXwAn8OduDBTK2grHgh8/OcP55w/jDnTxvNendzcfH5hcWm5sLK6tr5R3Nyq6yhRFGs04pFqhqCRM4k1wwzHZqwQRMixEd6dZf3GPSrNInlrhjG2BfQl6zEKxko3t51iySt743JnwZ9AiUzqurPpVIJuRBOB0lAOWrd8LzbtFJRhlOOoECQaY6B30MeWRQkCdTsdbzpy96zSdXuRsk8ad6z+/JGC0HooQusUYAZ6upeJf/ZCMTXZ9E7aKZNxYlDSr8G9hLsmcrMY3C5TSA0fWgCqmN3dpQNQQI0Nq1AIztEep/DSDrqKUYGJ1EEagOoLJkf22H5wmNF/Rnj4NlqyOfvTqc5C/ajsV8vVm0rp9GyS+BLZIbtkn/jkmJySC3JNaoQSJI/kiTw7L86b8+58fFlzzuTPNvlVufwnjxqzTg==</latexit>

T

<latexit sha1_base64="FBvZvU1vQo8DyCdUVr6A+jqagLI="></latexit>y1
<latexit sha1_base64="k/OL9sY67kL5tqtyuNPYjPO2VIw="></latexit>y2

<latexit sha1_base64="QUbzodP8yCHXZIi4QJho9DW9Gso="></latexit>y3<latexit sha1_base64="e71sQLIYN4CRZZnunqWUL4TVJmE="></latexit>u3

<latexit sha1_base64="OLfsSjhPCK4wTNsuaRjgdKu0Yw0="></latexit>u2

<latexit sha1_base64="bcsaDioIzOdvGBhm6Qg5tHZ101c="></latexit>u1

Barycenteric map T

<latexit sha1_base64="Ek2mKTz4rXehUYsgUG9CQSBR4ug="></latexit>

Cij = kf(xi)� ujk2

<latexit sha1_base64="apm04uPHJ2nRZeHgUt5QO1hPDU0="></latexit>

f(x1)
<latexit sha1_base64="0hXqp0sqC+uh23BuRDm8z3GBg+s="></latexit>

f(x2)
<latexit sha1_base64="2ej2A6wb967rICDTeHgl1zr8/Qw="></latexit>

f(x3)
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<latexit sha1_base64="6vb3QHMTKfxe72SyOvB/A3f0Nfo="></latexit>

min
u1,...,un

X

i2[n]

����yi � n
X

j2[n]

P ⇤
ijuj

����
2

subject to P 2 argmin
P2B(n,n)

hC,P i

<latexit sha1_base64="Wl7IxXu2sOyPtfG9TS7o/lMW9+0=">AAACTXicfZBNSwMxEIaz9aO1frV69LJYBBEpuyLVo6AHL2JFawW3lNl0ug0m2SXJimXpT/CqP8uzP8SbiGmtoK04EHh45w0z84YJZ9p43quTm5mdm88XFoqLS8srq6Xy2rWOU0WxQWMeq5sQNHImsWGY4XiTKAQRcmyGd8fDfvMelWaxvDL9BFsCIsm6jIKx0mUg0nap4lW9UbnT4I+hQsZVb5ed/aAT01SgNJSD1re+l5hWBsowynFQDFKNCdA7iPDWogSBupWNdh24W1bpuN1Y2SeNO1J//shAaN0XoXUKMD092RuKf/ZCMTHZdA9bGZNJalDSr8HdlLsmdodBuB2mkBretwBUMbu7S3uggBobV7EYnKA9TuGZHXSeoAITq50sABUJJgf22CjYHdJ/Rnj4NlqyOfuTqU7D9V7Vr1VrF/uVo+Nx4gWyQTbJNvHJATkip6ROGoSSiDySJ/LsvDhvzrvz8WXNOeM/6+RX5fKfmBO0TA==</latexit>µ <latexit sha1_base64="8pNFaJ3FYb2BUggBinjXragD7JQ=">AAACTXicfZBNSwMxEIaz9aNaP6tHL4tFEJGyK0U9FurBi6hoa6FbZDadrqFJdkmyYln6E7zqz/LsD/EmYvohaBUHAg/vvGFm3jDhTBvPe3VyM7Nz8/mFxcLS8srq2npxo6HjVFGs05jHqhmCRs4k1g0zHJuJQhAhx5uwVxv2b+5RaRbLa9NPsC0gkqzLKBgrXQUyvV0veWVvVO5v8CdQIpO6uC06laAT01SgNJSD1i3fS0w7A2UY5TgoBKnGBGgPImxZlCBQt7PRrgN3xyodtxsr+6RxR+r3HxkIrfsitE4B5k5P94bin71QTE023eN2xmSSGpR0PLibctfE7jAIt8MUUsP7FoAqZnd36R0ooMbGVSgEJ2iPU3hmB50nqMDEai8LQEWCyYE9Ngr2h/SfER6+jJZszv50qr+hcVD2D8uHl5VStTZJfIFskW2yS3xyRKrklFyQOqEkIo/kiTw7L86b8+58jK05Z/Jnk/yoXP4Tmfu0TQ==</latexit>⌫
<latexit sha1_base64="/yZvfv88dGJaa740876B8GBMjt4=">AAACS3icfZDLSgMxFIYz1Xqpt6pLN4NFEJEyI6W6FHThRlSwF+iUciY9bYNJZkgyYhn6BG71sXwAn8OduDBTK2grHgh8/OcP55w/jDnTxvNendzcfH5hcWm5sLK6tr5R3Nyq6yhRFGs04pFqhqCRM4k1wwzHZqwQRMixEd6dZf3GPSrNInlrhjG2BfQl6zEKxko3t51iySt743JnwZ9AiUzqurPpVIJuRBOB0lAOWrd8LzbtFJRhlOOoECQaY6B30MeWRQkCdTsdbzpy96zSdXuRsk8ad6z+/JGC0HooQusUYAZ6upeJf/ZCMTXZ9E7aKZNxYlDSr8G9hLsmcrMY3C5TSA0fWgCqmN3dpQNQQI0Nq1AIztEep/DSDrqKUYGJ1EEagOoLJkf22H5wmNF/Rnj4NlqyOfvTqc5C/ajsV8vVm0rp9GyS+BLZIbtkn/jkmJySC3JNaoQSJI/kiTw7L86b8+58fFlzzuTPNvlVufwnjxqzTg==</latexit>

T <latexit sha1_base64="e71sQLIYN4CRZZnunqWUL4TVJmE="></latexit>u3

<latexit sha1_base64="OLfsSjhPCK4wTNsuaRjgdKu0Yw0="></latexit>u2

<latexit sha1_base64="bcsaDioIzOdvGBhm6Qg5tHZ101c="></latexit>u1

Barycenteric map T

<latexit sha1_base64="Ek2mKTz4rXehUYsgUG9CQSBR4ug="></latexit>

Cij = kf(xi)� ujk2

<latexit sha1_base64="apm04uPHJ2nRZeHgUt5QO1hPDU0="></latexit>

f(x1)
<latexit sha1_base64="0hXqp0sqC+uh23BuRDm8z3GBg+s="></latexit>

f(x2)
<latexit sha1_base64="2ej2A6wb967rICDTeHgl1zr8/Qw="></latexit>

f(x3)
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<latexit sha1_base64="wOobCf5XJUmjg76LZA9zVkJuSwE="></latexit>

min
u1,...,un

kY � nPUk2

subject to P 2 argmin
P2B(n,n)

hC,P i



73BIR recovers standard isotonic regression 37

(of course)



73Illustrative examples 38

Dataset: balance-scale (K=3) / base model: MLP / baseline: one-vs-rest isotonic regression



73Illustrative examples 39

Dataset: balance-scale (K=3) / base model: MLP / baseline: temperature scaling



73Benchmark result 40



Quantify closeness of 
class probability estimates

One step further



73Multiclass classification 42

🌏
🤔

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️

☁️

☔️

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by
feature class
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🌏
🤔

<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x

☀️☔️☁️

<latexit sha1_base64="4ivLEJ7Fu11rDQ7iwQ976f86JU8="></latexit>

r = f(x)

<latexit sha1_base64="UXgnZhucLLIyKxxyuDmLz6hD2XQ=">AAACPHicfZDLSsNAFIYn9VbjrdWlm2ApiEhJRNRlURduxBasFZoiJ9OTdnAyCTMTsYQ+gVt9Hd/DvTtx69rpRdAqHhj4+M8/M+f8QcKZ0q77YuVmZufmF/KL9tLyyupaobh+peJUUmzQmMfyOgCFnAlsaKY5XicSIQo4NoPbk2G/eYdSsVhc6n6C7Qi6goWMgjZSPbwplNyKOyrnN3gTKJFJ1W6KVtnvxDSNUGjKQamW5ya6nYHUjHIc2H6qMAF6C11sGRQQoWpno0kHTtkoHSeMpTlCOyP1+40MIqX6UWCcEeiemu4Nxb96rVSHR+2MiSTVKOj4ozDljo6d4dpOh0mkmvcNAJXMzOrQHkig2oRj2/4pmmUknpuHLxKUoGO5k/kguxETA7Nc198d0n9GuP8yGrJNsN50jL/haq/iHVQO6vul6vEk4jzZJFtkm3jkkFTJGamRBqEEyQN5JE/Ws/VqvVnvY2vOmtzZID/K+vgEIGytyA==</latexit>

f

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by
feature report class

☀️

☁️

☔️
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<latexit sha1_base64="jSSZCn6XFSxvGXKgx5+Ddf6uS8U="></latexit>x
feature report

<latexit sha1_base64="e4ck3ALaJZwUqB3v3+lxQ/HXT6U=">AAACVXicfZDbSsNAEIY3sZ7qWS+9CRZBREoiol6KeuGNqGBtoSllsp3WxT2E3Y1YQh/DW30s8WEEN7WCtuLAwsc//zIzf5JyZmwYvnv+VGl6ZnZuvrywuLS8srq2fmdUpinWqOJKNxIwyJnEmmWWYyPVCCLhWE8ezop+/RG1YUre2n6KLQE9ybqMgnVSMxZg7ynwvDFor1bCajisYBKiEVTIqK7ba95B3FE0Eygt5WBMMwpT28pBW0Y5DspxZjAF+gA9bDqUINC08uHOg2DbKZ2gq7R70gZD9eePHIQxfZE4Z7GjGe8V4p+9RIxNtt3jVs5kmlmU9GtwN+OBVUERSNBhGqnlfQdANXO7B/QeNFDrYiuX43N0x2m8dIOuUtRgld7NY9A9weTAHduL9wr6zwhP30ZHLudoPNVJuNuvRofVw5uDysnpKPE5skm2yA6JyBE5IRfkmtQIJYo8kxfy6r15H37Jn/my+t7ozwb5Vf7KJ9HuteU=</latexit>X
<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK
<latexit sha1_base64="7qLjfGITea1CujQN47RyKJ8Mpzw="></latexit>

4K

model inverse link

class

<latexit sha1_base64="uLenfq3k1682L9D3nGFlKCv1AOc="></latexit>

by

probability 
<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="4ivLEJ7Fu11rDQ7iwQ976f86JU8="></latexit>

r = f(x)



73Class probability estimation
ӳ Define  report space   for -class classification 

ӳ Inverse link function  maps report   to prediction  

Զ e.g. logistic link    (softmax)

<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK <latexit sha1_base64="Nr9uL+tRMlPc9nuFwUIiXDkMwJ4=">AAACS3icfZDPSgMxEMaz1Wqtf6tHL4tFEJGyK6V6FPUgiGjBtkK3lNl0WkOT7JJkxbL0CbzqY/kAPoc38WBaK2gVBwI/vvnCzHxhzJk2nvfiZGZms3PzuYX84tLyyupaYb2uo0RRrNGIR+omBI2cSawZZjjexApBhBwbYf9k1G/codIsktdmEGNLQE+yLqNgrFQ9b68VvZI3Lvc3+BMokkldtQtOOehENBEoDeWgddP3YtNKQRlGOQ7zQaIxBtqHHjYtShCoW+l406G7bZWO242UfdK4Y/X7jxSE1gMRWqcAc6uneyPxz14opiab7mErZTJODEr6ObibcNdE7igGt8MUUsMHFoAqZnd36S0ooMaGlc8Hp2iPU3hhB13GqMBEajcNQPUEk0N7bC/YG9F/Rrj/MlqyOfvTqf6G+n7Jr5Qq1XLx6HiSeI5ski2yQ3xyQI7IGbkiNUIJkgfySJ6cZ+fVeXPeP60ZZ/Jng/yoTPYDfa6zRA==</latexit>

K
<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1
<latexit sha1_base64="KBrI+WRvN8e2YtDDweU46euXd9M="></latexit>

r 2 RK
<latexit sha1_base64="x6/toyfrTsqpdZzgnXB2I3V0/Ms="></latexit>

bp 2 4K

<latexit sha1_base64="Bh5F6BWigFbP80WSlRtA9LsCHTc="></latexit>

 �1(r)i =
exp(ri)PK
j=1 exp(rj)

45

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r <latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp
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<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r <latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

ӳ Define  report space   for -class classification 

ӳ Inverse link function  maps report   to prediction  

Զ e.g. logistic link    (softmax)

<latexit sha1_base64="rP0ZTPJGL2X3QAIbLA/YeK9g/7k="></latexit>

RK <latexit sha1_base64="Nr9uL+tRMlPc9nuFwUIiXDkMwJ4=">AAACS3icfZDPSgMxEMaz1Wqtf6tHL4tFEJGyK6V6FPUgiGjBtkK3lNl0WkOT7JJkxbL0CbzqY/kAPoc38WBaK2gVBwI/vvnCzHxhzJk2nvfiZGZms3PzuYX84tLyyupaYb2uo0RRrNGIR+omBI2cSawZZjjexApBhBwbYf9k1G/codIsktdmEGNLQE+yLqNgrFQ9b68VvZI3Lvc3+BMokkldtQtOOehENBEoDeWgddP3YtNKQRlGOQ7zQaIxBtqHHjYtShCoW+l406G7bZWO242UfdK4Y/X7jxSE1gMRWqcAc6uneyPxz14opiab7mErZTJODEr6ObibcNdE7igGt8MUUsMHFoAqZnd36S0ooMaGlc8Hp2iPU3hhB13GqMBEajcNQPUEk0N7bC/YG9F/Rrj/MlqyOfvTqf6G+n7Jr5Qq1XLx6HiSeI5ski2yQ3xyQI7IGbkiNUIJkgfySJ6cZ+fVeXPeP60ZZ/Jng/yoTPYDfa6zRA==</latexit>

K
<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1
<latexit sha1_base64="KBrI+WRvN8e2YtDDweU46euXd9M="></latexit>

r 2 RK
<latexit sha1_base64="x6/toyfrTsqpdZzgnXB2I3V0/Ms="></latexit>

bp 2 4K

<latexit sha1_base64="Bh5F6BWigFbP80WSlRtA9LsCHTc="></latexit>

 �1(r)i =
exp(ri)PK
j=1 exp(rj)

<latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

🎲

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

🆀 How to measure  ?
<latexit sha1_base64="xJUMY/UTIJfRmlcMAlk5NZG/wcg="></latexit>

dist(p, bp)

<latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="F9Xzj2SYZZowqr/FQK4Y2JrXwq8="></latexit>y



Proper loss 
loss functions for class probability estimation

📐



73Loss function (scoring rule)
ӳ Define loss function 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

48

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

<latexit sha1_base64="xJUMY/UTIJfRmlcMAlk5NZG/wcg="></latexit>

dist(p, bp)

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

[Buja+ 2005]

                           Conditional risk 
<latexit sha1_base64="EL+2tXplBtEyx1XNpsvWBXd2sGo="></latexit>

L(p, bp) =
KX

y=1

py`y(bp) = hp, `(bp)i

Definition

Զ expected loss under the true probability <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p



73Loss function (scoring rule)
ӳ Define loss function  

ӳ Empirical risk minimization

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

49

                            Conditional risk 
<latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
Definition

<latexit sha1_base64="Gcbh7Bjh4mFWqd37iASHLV2+yk0="></latexit>

L(p, bp)

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

<latexit sha1_base64="IGV3ytadtV+THbSpYUzO0qIeVls="></latexit>

Rn(f) =
1

n

nX

i=1

`yn

�
 �1(f(xn))

�

<latexit sha1_base64="ZQJoGWkamlx6PdHWd/pGwxfsHbY="></latexit>

R(f) = EX

⇥
L
�
P(Y |X), �1(f(X))

�⇤

uniform convergence

Ոtarget: class prob

Ոtarget: label

[Buja+ 2005]

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p



73Loss function (scoring rule)
ӳ Define loss function  

Զ best possible loss under the true probability 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

<latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

50

                            Bayes risk 
<latexit sha1_base64="vl+acjn5FRcpBxdxFpw0A++7e6I="></latexit>

L(p) = inf
bp24K

L(p, bp)Definition

<latexit sha1_base64="Gcbh7Bjh4mFWqd37iASHLV2+yk0="></latexit>

L(p, bp)

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

[Buja+ 2005]

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

                            Conditional risk 
<latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
Definition



73Loss function (scoring rule) 51

<latexit sha1_base64="Gcbh7Bjh4mFWqd37iASHLV2+yk0="></latexit>

L(p, bp)

                                <latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
<latexit sha1_base64="6Hp5i1cUvISs40cvszHsXwTwDnY="></latexit>

L(p) = inf bp24K L(p, bp)Definition

🆀 What is an admissible loss function?

🅰️ It is minimized at true class probability

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

[Buja+ 2005]

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p



73Proper loss (a.k.a. proper scoring rule) 52

<latexit sha1_base64="Gcbh7Bjh4mFWqd37iASHLV2+yk0="></latexit>

L(p, bp)

                                <latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
<latexit sha1_base64="6Hp5i1cUvISs40cvszHsXwTwDnY="></latexit>

L(p) = inf bp24K L(p, bp)Definition

                   Loss  is strictly proper if 
 for all .

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bp
Definition

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

[Buja+ 2005]

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

🆀 What is an admissible loss function?

🅰️ It is minimized at true class probability



73

                             A regular loss  is strictly proper if and only if  is strictly convex, 
and for all , the regret satisfies 

.

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK <latexit sha1_base64="jvdpVnrR7vHSkeNxBawbaBpmpmU="></latexit>�L
<latexit sha1_base64="LSTVXVM6I7ao4nRbdEIsHYcXTd8="></latexit>

p, bp 2 4K

<latexit sha1_base64="SthRKLdRjwqU5/Qssge4AwsuUV0="></latexit>

L(p, bp)� L(p) = L(bp)� L(p)� hrL(bp), bp� pi

Theorem

Re-discovered many times: 
McCarthy (1956), Savage (1971), Buja et al. (2005), Gneiting and Raftery (2007), Reid and Williamson (2010), etc.

Proper loss is Bregman divergence 53

                                <latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
<latexit sha1_base64="6Hp5i1cUvISs40cvszHsXwTwDnY="></latexit>

L(p) = inf bp24K L(p, bp)Definition

                              Loss  is strictly proper if  for all .
<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bpDefinition

regret Bregman divergence generated by 
<latexit sha1_base64="jvdpVnrR7vHSkeNxBawbaBpmpmU="></latexit>�L

Andreas Buja, Werner Stuetzle, and Yi Shen. 
Loss functions for binary class probability estimation and classification: Structure and applications. Technical Report, 2005.

[Buja+ 2005]
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Gradient of convex functiongradient = dual = 
 

<latexit sha1_base64="qblvqzuI1u63j2pwi5AHuAnj2bw="></latexit>�rL(bp)

54
<latexit sha1_base64="jvdpVnrR7vHSkeNxBawbaBpmpmU="></latexit>�L

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp <latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

Proper loss as a Bregman divergence in primal space

<latexit sha1_base64="7qLjfGITea1CujQN47RyKJ8Mpzw="></latexit>

4K

<latexit sha1_base64="Z8lCZfHcbxqcJzob8T3Gcxci65U="></latexit>

L(p, bp)� L(p) = L(bp)� L(p)� hrL(bp), bp� pi
regret

Ձ tangent line <latexit sha1_base64="4QJqqFX4D2T/bvjDnzKKJ3TGz4w="></latexit>h�rL(bp),p� bpi � L(bp)
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                                <latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
<latexit sha1_base64="6Hp5i1cUvISs40cvszHsXwTwDnY="></latexit>

L(p) = inf bp24K L(p, bp)

                              Loss  is strictly proper if  for all .
<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bp

Example 55

Definition

Definition

ӳ Log loss  

Զ Conditional risk	 	 	 	 (cross entropy) 

Զ Bayes risk	 	 	 	 	 	 (Shannon entropy) 

Զ Regret		 	 	 	 (Kullback-Leibler divergence)

<latexit sha1_base64="ab27mFwCB2XV8aLc6cb2A/Q5ncc="></latexit>

`y(bp) = � ln bpy

<latexit sha1_base64="nHweHWD1kvt73AtfQE2lQXoB3ik="></latexit>

L(p, bp) = �hp, ln bpi

<latexit sha1_base64="/wTjQiMsYzA8qSkQqcG8yaPOM1E="></latexit>

L(p) = �hp, lnpi
<latexit sha1_base64="Kq3XBC0qi3wb9IjdXpa0jfm0Cb8="></latexit>

L(p, bp)� L(p) =
D
p, ln

p

bp

E
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                                <latexit sha1_base64="dUgfCEFgylAh5Noytouhs4tuJ6Q="></latexit>

L(p, bp) = hp, `(bp)i
<latexit sha1_base64="6Hp5i1cUvISs40cvszHsXwTwDnY="></latexit>

L(p) = inf bp24K L(p, bp)

                              Loss  is strictly proper if  for all .
<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bp

Example 56

Definition

Definition

ӳ Brier loss  

Զ Conditional risk	 	 

Զ Bayes risk	 	 	 	 	 	 	 (Gini index) 

Զ Regret		 	 	 	 	 (squared L2 distance)

<latexit sha1_base64="bMqh8PZnDtv04tOxQsQk/CT0gKw="></latexit>

`y(bp) = �bpy + (1 + kbpk22)/2
<latexit sha1_base64="wE0RVDJ4DMaaIuC6n6oHiRG/JkQ="></latexit>

L(p, bp) = 1� 2hp, bpi+ kbpk22
2

<latexit sha1_base64="g9pfclvuIr8XOnWNHn0Tnsmqx/w="></latexit>

L(p) =
1� kpk22

2
<latexit sha1_base64="aIose9szVg/f4oJ5mERJC5QMyMs="></latexit>

L(p, bp)� L(p) =
1

2
kp� bpk22



Calm Composite Losses 
Being Improper Yet Proper Composite

Joint work with Nontawat Charoenphakdee, 
and presented at AISTATS2025
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ӳ Example. Focal loss   
Զ motivation: downweight overconfident class probability for imbalanced problems

<latexit sha1_base64="KxUdxzp9aPlzxL0O+KxQOa7TnDs="></latexit>

`y(bp) = �(1� bpy)� ln bpy

ӳ  😥 Focal loss is improper 

Զ for binary classification, plot optimal  of conditional risk (Ձ) 

Զ diagonal line is expected

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

                   Loss  is strictly proper if 
 for all .

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bp
Definition
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r
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1.0

p

0

1

2

∞

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

Commonly used losses are not necessarily proper 58

Tsung-Yi Lin, Priya Goyal, Ross Girshick, Kaiming He, and Piotr Dollár. 
Focal loss for dense object detection. In Proceedings of the IEEE International Conference on Computer Vision, pages 2980–2988, 2017.

[Lin+ 2017]
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ӳ Example. Generalized cross-entropy loss  

Զ motivation: interpolate log loss (not robust) and MAE loss (robust)

<latexit sha1_base64="AL5Hf6YYedhJwPyIRvp8mZAqMgc="></latexit>

`y(bp) = (1� bp�y)/�

Commonly used losses are not necessarily proper 59

Zhilu Zhang and Mert Sabuncu. Generalized cross entropy loss for training deep neural networks with noisy labels. 
Advances in Neural Information Processing Systems, 31:8778–8788, 2018.

ӳ  😥 Generalized cross-entropy loss is improper 

Զ for binary classification, plot optimal  of conditional risk (Ձ) 

Զ diagonal line is expected

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp
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∞

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

                   Loss  is strictly proper if 
 for all .

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK

<latexit sha1_base64="ngGTKg3C3Q6IUkNRAZ90a0lwF3U="></latexit>

L(p, bp) > L(p,p) = L(p)
<latexit sha1_base64="9zDEv7WQV5Xe8AKK2yWYpv/hW3k="></latexit>

p 6= bp
Definition

[Zhang & Sabuncu 2018]



73Remark: Log loss is the only ˘local˙ proper loss
ӳ Proper loss  is local if  depends on  solely

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="vICcBrrBmAo+1W9y/Hi71py/Buc="></latexit>

`y(bp)
<latexit sha1_base64="mqPVNyLaMIqPefeRrqlR25iHl28="></latexit>

bpy

60

Mattew Parry, A Philip Dawid, and Steffen Lauritzen. Proper local scoring rules. The Annals of Statistics, 40(1):561–592, 2012.

 Proper 
 Local 

Log loss 
<latexit sha1_base64="ab27mFwCB2XV8aLc6cb2A/Q5ncc="></latexit>

`y(bp) = � ln bpy
Focal loss 

<latexit sha1_base64="KxUdxzp9aPlzxL0O+KxQOa7TnDs="></latexit>

`y(bp) = �(1� bpy)� ln bpy

Generalized CE loss 
<latexit sha1_base64="AL5Hf6YYedhJwPyIRvp8mZAqMgc="></latexit>

`y(bp) = (1� bp�y)/�

Brier loss 
<latexit sha1_base64="bMqh8PZnDtv04tOxQsQk/CT0gKw="></latexit>

`y(bp) = �bpy + (1 + kbpk22)/2

😥Computationally heavy

[Parry+ 2012]



73Can we recover correct probability estimate?
ӳ Theoretical minimizer of  is distorted

<latexit sha1_base64="cgRyNcI2YFp19ErOGPqyemtg4qk="></latexit>

L(p, bp)

61
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∞

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

Theoretical minimizer of focal loss Theoretical minimizer of generalized CE loss
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∞

<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

ӳ Idea: We can recover by applying the inverse of distortion



73Inverse of ˘distortion˙ 62

                            Assume loss  is local with each component , and continuously 
differentiable and invertible. Then, the conditional risk  has a minimizer  satisfying 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="REz4yuXefLrirsYabKKb322d/Wk="></latexit>

L(p, ·)
<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤
<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Theorem

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="Gkt+m2OdZB2zoH7y4tUVrqGjQw4="></latexit>

bp⇤

loss minimizer

<latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p

true prob

🔨
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ӳ Define -transform by 

 

ӳ Proof sketch: solve the KKT condition for the Lagrangian 

<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 
<latexit sha1_base64="t/4JItX1GDrddiiYnEhonJp9uR8="></latexit>

 (bp)y =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

<latexit sha1_base64="8NmIDzpmBJ2Cl5HNqoqLST8UTSM="></latexit>

L(bp,�) =
KX

y=1

py`y(bpy) + �

✓ KX

y=1

bpy � 1

◆

63

                            Assume loss  is local with each component , and continuously 
differentiable and invertible. Then, the conditional risk  has a minimizer  satisfying 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="REz4yuXefLrirsYabKKb322d/Wk="></latexit>

L(p, ·)
<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤
<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Theorem
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ӳ  🆀 When is  bijective?
<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 

Calm composite loss
ӳ Define -transform by 

<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 
<latexit sha1_base64="t/4JItX1GDrddiiYnEhonJp9uR8="></latexit>

 (bp)y =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

64

                           Assume loss  is local with each component , and continuously 
twice differentiable and invertible. Then,  is bijective if for , the following conditions hold: 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 
<latexit sha1_base64="CcvX5loLJKkPsnXs4GtlMHpLU5Q="></latexit>

y 2 [K]

<latexit sha1_base64="hhqgOYjBECg7Ub+UWOoHW/bUsC4="></latexit>

`0y < 0, `00y > 0, and lim
p#0

`0y(p) = �1

Theorem

calmness condition
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<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

Standard proper loss
<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

Calm composite loss

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤

<latexit sha1_base64="t/4JItX1GDrddiiYnEhonJp9uR8="></latexit>

 (bp)y =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp
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ӳ Example. Generalized cross-entropy loss 
<latexit sha1_base64="AL5Hf6YYedhJwPyIRvp8mZAqMgc="></latexit>

`y(bp) = (1� bp�y)/�

66

Զ
 

Զ
 

Զ

<latexit sha1_base64="tlVKhKuYQtFmFMaAMFDCAx5y+sw="></latexit>

`0y(p) = � 1

p1��
< 0

<latexit sha1_base64="mAv21GLoxDqefoxelX8w6S6QsS4="></latexit>

lim
p#0

`0y(p) = �1

<latexit sha1_base64="sIzxXjO9OxmpUllPA5pqyCz11q8="></latexit>

`00y(p) =
1� �

p2��
> 0

                            Assume loss  is local with each component , and continuously 
differentiable and invertible. Then, the conditional risk  has a minimizer  satisfying 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="REz4yuXefLrirsYabKKb322d/Wk="></latexit>

L(p, ·)
<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤
<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Theorem
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                            Assume loss  is local with each component , and continuously 
differentiable and invertible. Then, the conditional risk  has a minimizer  satisfying 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="REz4yuXefLrirsYabKKb322d/Wk="></latexit>

L(p, ·)
<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤
<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Theorem

If  is finite,  cannot go to 0
<latexit sha1_base64="hf8BsZX8hCf8+ojyWUz3cAJERBo="></latexit>

`0y(0)
<latexit sha1_base64="YsaD4nEMVPtRxT9OOca9kPil1p8=">AAACTXicfZBNSwMxEIaz9aO1flaPXhaLICJlV4p6LOrBi6hoVeiWMptO19AkuyRZsSz9CV71Z3n2h3gTMa0VtBUHAg/vvGFm3jDhTBvPe3VyU9Mzs/nCXHF+YXFpeaW0eq3jVFGs05jH6jYEjZxJrBtmON4mCkGEHG/C7tGgf3OPSrNYXplegk0BkWQdRsFY6TJp9VorZa/iDcudBH8EZTKq81bJqQbtmKYCpaEctG74XmKaGSjDKMd+MUg1JkC7EGHDogSBupkNd+27m1Zpu51Y2SeNO1R//shAaN0ToXUKMHd6vDcQ/+yFYmyy6Rw0MyaT1KCkX4M7KXdN7A6CcNtMITW8ZwGoYnZ3l96BAmpsXMVicIz2OIWndtBZggpMrLazAFQkmOzbY6NgZ0D/GeHh22jJ5uyPpzoJ17sVf6+yd1Et1w5HiRfIOtkgW8Qn+6RGTsg5qRNKIvJInsiz8+K8Oe/Ox5c154z+rJFflct/AqrmtFU=</latexit>py

Calmness condition 67
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<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

Theoretical minimizer of focal loss (calm)

<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Ոensuring surjectivity
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<latexit sha1_base64="CURpC0XUe844m0EBsqinhee+qmc="></latexit>

bp

Theoretical minimizer of Taylor CE loss (not calm)

                            Assume loss  is local with each component , and continuously 
differentiable and invertible. Then, the conditional risk  has a minimizer  satisfying 

<latexit sha1_base64="JdnT8LBKnTNrTDocrrZ9zyMMpqA="></latexit>

` : 4K ! RK
<latexit sha1_base64="eTAuJ/L1u+ILFFH8Z9vyhh7DNSU="></latexit>

`y(bpy)
<latexit sha1_base64="REz4yuXefLrirsYabKKb322d/Wk="></latexit>

L(p, ·)
<latexit sha1_base64="pRDQ/sI6dJIUHOmYAuEhDXlsE30="></latexit>

bp⇤
<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1

Theorem

If  is finite,  cannot go to 0
<latexit sha1_base64="hf8BsZX8hCf8+ojyWUz3cAJERBo="></latexit>

`0y(0)
<latexit sha1_base64="YsaD4nEMVPtRxT9OOca9kPil1p8=">AAACTXicfZBNSwMxEIaz9aO1flaPXhaLICJlV4p6LOrBi6hoVeiWMptO19AkuyRZsSz9CV71Z3n2h3gTMa0VtBUHAg/vvGFm3jDhTBvPe3VyU9Mzs/nCXHF+YXFpeaW0eq3jVFGs05jH6jYEjZxJrBtmON4mCkGEHG/C7tGgf3OPSrNYXplegk0BkWQdRsFY6TJp9VorZa/iDcudBH8EZTKq81bJqQbtmKYCpaEctG74XmKaGSjDKMd+MUg1JkC7EGHDogSBupkNd+27m1Zpu51Y2SeNO1R//shAaN0ToXUKMHd6vDcQ/+yFYmyy6Rw0MyaT1KCkX4M7KXdN7A6CcNtMITW8ZwGoYnZ3l96BAmpsXMVicIz2OIWndtBZggpMrLazAFQkmOzbY6NgZ0D/GeHh22jJ5uyPpzoJ17sVf6+yd1Et1w5HiRfIOtkgW8Qn+6RGTsg5qRNKIvJInsiz8+K8Oe/Ox5c154z+rJFflct/AqrmtFU=</latexit>py

Ոensuring surjectivity

<latexit sha1_base64="D+u7mqSE4vSwJFLWeyiSMjxNWPo="></latexit>

py =
[`0y(bp⇤y)]�1

PK
i=1[`

0
y(bp⇤i )]�1
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Ոall of them are local losses



73Numerical simulation (calm losses)
ӳ Data: 3-class classification with each 1D Gaussian 

ӳ Model: 3-layer MLP

70
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W
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<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 
W

ith 
<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 



73Numerical simulation (non-calm losses)
ӳ Data: 3-class classification with each 1D Gaussian 

ӳ Model: 3-layer MLP

71
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<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 
W

ith 
<latexit sha1_base64="a6qVxQNkRltPc0YqXeWK0xWgWXA=">AAACTnicfZBNSwMxEIaz9avWbz16WSyCiJRdKdVjUQ9exArWCm6R2XTahibZJcmKZelf8Ko/y6t/xJtotq2grTgQeHjnDTPzhjFn2njem5ObmZ2bX8gvFpaWV1bX1jc2b3SUKIp1GvFI3YagkTOJdcMMx9tYIYiQYyPsnWb9xgMqzSJ5bfoxNgV0JGszCiaTgppm9+tFr+QNy50GfwxFMq7a/YZTDloRTQRKQzlofed7sWmmoAyjHAeFINEYA+1BB+8sShCom+lw2YG7a5WW246UfdK4Q/XnjxSE1n0RWqcA09WTvUz8sxeKicmmfdxMmYwTg5KOBrcT7prIzZJwW0whNbxvAahidneXdkEBNTavQiE4Q3ucwgs76DJGBSZS+2kAqiOYHNhjO8FBRv8Z4fHbaMnm7E+mOg03hyW/UqpclYvVk3HiebJNdsge8ckRqZJzUiN1QkmXPJFn8uK8Ou/Oh/M5suac8Z8t8qty+S9K6LSf</latexit>

 



Summary



73Convex analysis enriches calibration 73

<latexit sha1_base64="zeUNgloW3NJFKSPxU40ZJVhBU8E=">AAACUHicfVBNSwMxEJ2t3+u3Hr0sFkFEyq6IehT14EVUsFVwi8ym0xqbZJckK5al/8Gr/ixv/hNvmtYKWsWBkMebN7yZl2SCGxuGr15pZHRsfGJyyp+emZ2bX1hcqpk014yqLBWpvkrQkOCKqpZbQVeZJpSJoMukfdjrX96TNjxVF7aTUV1iS/EmZ2gdVYsTWTx0bxbKYSXsV/AbRANQhkGd3Sx623EjZbkkZZlAY66jMLP1ArXlTFDXj3NDGbI2tujaQYWSTL3or9sN1hzTCJqpdk/ZoM9+nyhQGtORiVNKtLdmuNcj/+wlcsjZNvfqBVdZbkmxT+NmLgKbBr0sggbXxKzoOIBMc7d7wG5RI7MuMd+Pj8gdp+nEGZ1mpNGmeqOIUbckV113bCve7KH/hPjwJcR+ztFwqr9BbasS7VR2zrfL+weDxCdhBVZhHSLYhX04hjOoAoM7eIQnePZevDfvveR9Sr9+WIYfVfI/AIPLtMc=</latexit>x

<latexit sha1_base64="BFuF2A7Kj9Po9G54gQyjhjKha/w="></latexit>r <latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="RrUke+faws4q2vincYC6UmM8etE="></latexit>

 �1

<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="ZX/Ubeaqk+Ypwz/whYL534rT22g="></latexit>p
<latexit sha1_base64="L090kXqXBWU6s2sXyug4A0QjQHE="></latexit>

bp

<latexit sha1_base64="zQ+YMBFAjsbhTemFJj89D/89s58="></latexit>

by

<latexit sha1_base64="F9Xzj2SYZZowqr/FQK4Y2JrXwq8="></latexit>y

Part 1: link function through OT

Part 2: loss function via Bregman divergence

📐


