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29Attention is prevailing … 2
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29Attention as a visualizer 3

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones, L., Gomez, A. N., ... & Polosukhin, I. (2017). Attention is all you need. In NeurIPS.

[Vaswani+ 2017]



29Attention as an aligner 4

Bahdanau, D., Cho, K., & Bengio, Y. (2015). Neural machine translation by jointly learning to align and translate. In ICLR.

[Bahdanau+ 2015]



29Attention as a permutation-invariant learner 5

Veličković, P., Cucurull, G., Casanova, A., Romero, A., Liò, P., & Bengio, Y. (2018). Graph Attention Networks. In ICLR.

[Veličković+ 2018]



Why is attention attractive for us?
Recent research advances in machine learning community



29Why attention attracts ML people? (1/3)
●Mixing mechanism ̶ How does attention selectively chooses relevant tokens?

7

Tarzanagh, D. A., Li, Y., Zhang, X., & Oymak, S. (2023). Max-margin token selection in attention mechanism. In NeurIPS.

[Tarzanagh+ 2023]
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● key tokens are fixed 
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29Why attention attracts ML people? (2/3)
● Representation learning ̶ What encoded features should look like?

8

Geshkovski, B., Letrouit, C., Polyanskiy, Y., & Rigollet, P. (2023). The emergence of clusters in self-attention dynamics. In NeurIPS.

[Geshkovski+ 2023]
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29

● Structure prediction ̶ How does attention efficiently extract structured patterns?

Why attention attracts ML people? (3/3) 9

Jelassi, S., Sander, M., & Li, Y. (2022). Vision transformers provably learn spatial structure. In NeurIPS.

[Jelassi+ 2022]
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29Why attention attracts ML people? (extra)
● “Similarity” among data points is interesting/cheap signal lying in data! 

❖ Classification with only similarity & unlabeled data (SU classification) 
Bao, H., Niu, G., & Sugiyama, M. (ICML2018). 
Classification from Pairwise Similarity and Unlabeled Data. 

❖ Classification with similarity, dissimilarity, & unlabeled data 
Shimada, T., Bao, H., Sato, I., & Sugiyama, M. (NeCo2021) 
Classification from Pairwise Similarities/Dissimilarities and Unlabeled Data via Empirical Risk Minimization. 

❖ Relationship between metric learning and classification 
Bao, H.*, Shimada, T.*, Xu, L., Sato, I., & Sugiyama, M. (AISTATS2022) 
Pairwise Supervision Can Provably Elicit a Decision Boundary. 

❖ Relationship between contrastive learning and linear probing 
Bao, H., Nagano, Y., & Nozawa, N. (ICML2022) 
On the Surrogate Gap between Contrastive and Supervised Losses.

10

Supervised Classification SU Classification



29Tons of mysteries behind attention!
●Many practical applications 

❖ Cross attention for multimodal inputs 
❖ Interpretability 
❖ Graph/sequence/structured inputs

11

● Yet our understanding is elusive 
❖ (Layer-/epoch-wise) dynamics 
❖ Representation learning 
❖ Expressivity



From eigenspectrum perspective

How attention matters in learning



29Three factors in learning theory (in general)
●Generalization	 	 (↔ complexity error) 
● Optimization	 	 (↔ optimization error) 
●Model expressivity	 (↔ approximation error)

13

https://groups.oist.jp/sites/default/files/imce/u129210/mlss/Lecture_slide/MLSS_Masaaki_Imaizumi.pdf

Cropped from Imaizumi-san’s slides at MLSS’24
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29Related work | Concentrated attention is better!
●Rank collapse [Dong+ 2021]: attention is close to uniform (roughly speaking) 

❖ induces low model expressivity 
(yielding large approximation error )

14

Dong, Y., Cordonnier, J. B., & Loukas, A. (2021). Attention is not all you need: Pure attention loses rank doubly exponentially with depth. In ICML.
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29Related work | Uniform attention is better!
● Entropy collapse [Zhai+ 2023]: entropy of attention (as a probability distribution) is low 

❖ tends to get stuck into plateaus of loss landscape 
(yielding large optimization error )

15

Zhai, S., Likhomanenko, T., Littwin, E., Busbridge, D., Ramapuram, J., Zhang, Y., ... & Susskind, J. M. (2023). Stabilizing transformer training by 
preventing attention entropy collapse. In ICML.
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29How should attention look like?? 16

Attention is … concentrated uniform

Collapse Entropy Rank

Optimization error

Approximation error

High

Low High

Low

RQ. Are they reconcilable? 
RQ. When concentrated/uniform?
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29Setup | Our analysis model
●Model: 1-layer 1-head self-attention network 

❖ without layer normalization & positional encoding / with feed-forward net 

● Pre-training task: next token prediction 
● [Point] Data: Gaussian random walk  

❖ disclaimer: no embedding layer (token -> emb);  is a direct input to TF 

● [Point] Approximated softmax
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29Main result | Characterize attention shape
●  (≒ eigval mean) and  (≒ eigval variance) determines attention shape 

❖  is scaled QK parameter
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29Main result | Characterize attention shape
●  (≒ eigval mean) and  (≒ eigval variance) determines attention shape 

❖  is scaled QK parameter
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analytical expression of 
attention strength at token position 
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29Main result | Characterize attention shape
●  (≒ eigval mean) and  (≒ eigval variance) determines attention shape 

❖  is scaled QK parameter
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analytical expression of 
attention strength at token position 
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29Relation to rank collapse 21

●Rank collapse: attention is close to uniform (roughly speaking) 
❖ [Dong+ 2021] large  (L1 norm) prevents rank collapse 

● From eigenspectrum viewpoint 
❖ we can show  

❖ smaller eigenspectrum variance ⇒ larger 
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Dong, Y., Cordonnier, J. B., & Loukas, A. (2021). Attention is not all you need: Pure attention loses rank doubly exponentially with depth. In ICML.
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29Relation to entropy collapse 22

● Entropy collapse: entropy of attention (as a probability distribution) is low 
❖ [Zhai+ 2023] small  (spectral norm) keeps attention entropy high 

● From eigenspectrum viewpoint 
❖ we can show  

❖ smaller eigenspectrum variance ⇒ smaller 
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Zhai, S., Likhomanenko, T., Littwin, E., Busbridge, D., Ramapuram, J., Zhang, Y., ... & Susskind, J. M. (2023). Stabilizing transformer training by 
preventing attention entropy collapse. In ICML.
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29Attention shape through eigenspectrum 23

RQ. Are two collapse phenomena reconcilable?

A. Yes, let’s decrease eigenspectrum variance!

<latexit sha1_base64="hRQCmFKpxsFEiH0Ei89SnmJDLDk="></latexit>

Var[wi] =
1

d
tr(W2)� 1

d2
|tr(W)|2

decreasedecrease increase

avoids entropy collapse
avoids rank collapse

Disclaimer: this is only a sufficient condition!

Test error
Training error

Epoch

Lo
ss

Generalization error
Optimization error

Approximation error

Error decomposition of learning curve



29
24

When attention is non-uniform When attention is uniform 
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In more depth



29Signal propagation probability | Why it matters?
●What is “attention strength”? 
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analytical expression of 
attention strength at token position 
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29Signal propagation probability | Why it matters?
●  = signal propagation probability: “How much the token contributes to learning?” 
 
 
 

● Signal exists only when softmax input (=query × key) lies in “slope” area
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29Our assumption and approximation 28

● Assumption: Gaussian random walk  

● Approximation: Gaussian approximation 
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these simplifications are essential to obtain the analytical expression 
(we can reduce the derivation to Gaussian moment calculation)



29Summary 29

RQ. When is attention concentrated/uniform?

RQ. Are two collapse phenomena reconcilable?
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