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/32Probabilistic prediction
● Is the beer delicious ( ) or not for me ( ) ? 

●We make a decision  that is as close to true  as possible

<latexit sha1_base64="BCw/346m8K92oPsliRmyWN1RMxs=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp1CRNenqG7h4hDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSK4Nq777eSWlldW1/LrhY3Nre2d4u5eXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeEKleSwfzDBBP6I9yUPOqLHS/eOV1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHq/2NaQ==</latexit>

Y = 1
<latexit sha1_base64="qxTUd9iDU91LZ42y2/cSUBuaOyo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dnJLyyura/n1wsbm1vZOcXevbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqAYcJ9yPaUyIUjKKV7h+v3E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzovzrvzMW3NObOZffgD5/MHqnmNaA==</latexit>

Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂
<latexit sha1_base64="3SF0SzrrEtf7TB6LJ7aCmIq/H6s=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTPia1MounFZwT6kM5RMJtOGJpkhyYhlmA9w46+4caGIWz/AnX9jpu1CWw8EDuecS+49fsyo0rb9bS0sLi2vrBbWiusbm1vbpZ3dlooSiUkTRyySHR8pwqggTU01I51YEsR9Rtr+8Cr32/dEKhqJWz2KicdRX9CQYqSN1CuVXaJRzeVID3w/bWSVu5rjchrAiRSmD9mRSdlVeww4T5wpKYMpGr3SlxtEOOFEaMyQUl3HjrWXIqkpZiQruokiMcJD1CddQwXiRHnp+JgMHholgGEkzRMajtXfEyniSo24b5L5imrWy8X/vG6iwwsvpSJONBF48lGYMKgjmDcDAyoJ1mxkCMKSml0hHiCJsDb9FU0JzuzJ86R1XHXOqqc3J+X65bSOAtgHB6ACHHAO6uAaNEATYPAInsEreLOerBfr3fqYRBes6cwe+APr8wcSvpsE</latexit>

⌘ = P(Y = 1 | x)
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Input <latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x

Y = 1 Y = 0

or

Observation <latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="qxTUd9iDU91LZ42y2/cSUBuaOyo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dnJLyyura/n1wsbm1vZOcXevbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqAYcJ9yPaUyIUjKKV7h+v3E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzovzrvzMW3NObOZffgD5/MHqnmNaA==</latexit>

Y = 0

<latexit sha1_base64="BCw/346m8K92oPsliRmyWN1RMxs=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp1CRNenqG7h4hDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSK4Nq777eSWlldW1/LrhY3Nre2d4u5eXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeEKleSwfzDBBP6I9yUPOqLHS/eOV1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHq/2NaQ==</latexit>

Y = 1 %

&

'

Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

Make them similar

Unobservable



/32Probabilistic prediction
● Is the beer delicious ( ) or not for me ( ) ? 

●We make a decision  that is as close to true  as possible

<latexit sha1_base64="BCw/346m8K92oPsliRmyWN1RMxs=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp1CRNenqG7h4hDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSK4Nq777eSWlldW1/LrhY3Nre2d4u5eXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeEKleSwfzDBBP6I9yUPOqLHS/eOV1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHq/2NaQ==</latexit>

Y = 1
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Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂
<latexit sha1_base64="3SF0SzrrEtf7TB6LJ7aCmIq/H6s=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTPia1MounFZwT6kM5RMJtOGJpkhyYhlmA9w46+4caGIWz/AnX9jpu1CWw8EDuecS+49fsyo0rb9bS0sLi2vrBbWiusbm1vbpZ3dlooSiUkTRyySHR8pwqggTU01I51YEsR9Rtr+8Cr32/dEKhqJWz2KicdRX9CQYqSN1CuVXaJRzeVID3w/bWSVu5rjchrAiRSmD9mRSdlVeww4T5wpKYMpGr3SlxtEOOFEaMyQUl3HjrWXIqkpZiQruokiMcJD1CddQwXiRHnp+JgMHholgGEkzRMajtXfEyniSo24b5L5imrWy8X/vG6iwwsvpSJONBF48lGYMKgjmDcDAyoJ1mxkCMKSml0hHiCJsDb9FU0JzuzJ86R1XHXOqqc3J+X65bSOAtgHB6ACHHAO6uAaNEATYPAInsEreLOerBfr3fqYRBes6cwe+APr8wcSvpsE</latexit>

⌘ = P(Y = 1 | x)
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Input <latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x

Y = 1 Y = 0

'

Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

Make them similar

Unobservable
Q. How to measure 
the closeness?

or

Observation <latexit sha1_base64="yGfyrjVzwfzFSrKKF0B4BLJk0+w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5GFgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+S9Gcfoh3QgeZ8zaqxUe+gWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALp9jOc=</latexit>

Y

<latexit sha1_base64="qxTUd9iDU91LZ42y2/cSUBuaOyo=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp9CRNenqG7hohDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSKFQdf9dnJLyyura/n1wsbm1vZOcXevbuJUM15jsYx1M6CGS6F4DQVK3kw0p1EgeSMY3Iz9xhPXRsTqAYcJ9yPaUyIUjKKV7h+v3E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzovzrvzMW3NObOZffgD5/MHqnmNaA==</latexit>

Y = 0

<latexit sha1_base64="BCw/346m8K92oPsliRmyWN1RMxs=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGNIskQ+jp1CRNenqG7h4hDPkELx4U8eoXefNv7CwHTXxQ8Hiviqp6QSK4Nq777eSWlldW1/LrhY3Nre2d4u5eXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASDm7HfeEKleSwfzDBBP6I9yUPOqLHS/eOV1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnZYq17M48nAAh3AMHlxABW6hCjVg0INneIU3RzgvzrvzMW3NObOZffgD5/MHq/2NaQ==</latexit>

Y = 1 %

&



/32Formulation | Probabilistic prediction
● Input: sample  with binary outcome  
● Goal: to estimate  

❖ Output:  such that  

● Challenge: no observation of  
❖ It is important to compute  with only  and  
❖ Disclaimer: we do not discuss functional approximation

<latexit sha1_base64="RuklCEsYsdpc26EO4lWOulPCXrQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCTia1l047KCfUASwmQ6aYdOJmFmIoaQD3Djr7hxoYhbP8Cdf+OkzUJbDwwczjmXuff4MaNSmea3sbC4tLyyWlmrrm9sbm3Xdna7MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vPH14XfuydC0ojfqTQmboiGnAYUI6Ulr1Z3soYTIjXyg+wh9+gxTD165OReRqFDObS5m+uU2TQngPPEKkkdlGh7tS9nEOEkJFxhhqS0LTNWboaEopiRvOokksQIj9GQ2JpyFBLpZpNjcniolQEMIqEfV3Ci/p7IUChlGvo6WewtZ71C/M+zExVcuhnlcaIIx9OPgoRBFcGiGTiggmDFUk0QFlTvCvEICYSV7q+qS7BmT54n3ZOmdd48uz2tt67KOipgHxyABrDABWiBG9AGHYDBI3gGr+DNeDJejHfjYxpdMMqZPfAHxucPD5+bAA==</latexit>

{(xi, yi)}i2[n]
<latexit sha1_base64="8SpZoQT1KAOl3hPu73dlew+7yI0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEF1IS8bUsunFZwT6gCWEynbRDJ5MwMxFi6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feEyScKW3b31ZpZXVtfaO8Wdna3tmt1vb2OypOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNxrdTv/tIpWKxeNBZQr0IDwULGcHaSH6tmvkMuUwgN3dObXfi1+p2w54BLROnIHUo0PJrX+4gJmlEhSYcK9V37ER7OZaaEU4nFTdVNMFkjIe0b6jAEVVePjt8go6NMkBhLE0JjWbq74kcR0plUWA6I6xHatGbiv95/VSH117ORJJqKsh8UZhypGM0TQENmKRE88wQTCQztyIywhITbbKqmBCcxZeXSees4Vw2Lu7P682bIo4yHMIRnIADV9CEO2hBGwik8Ayv8GY9WS/Wu/Uxby1ZxcwB/IH1+QNSP5I8</latexit>

yi 2 {1, 0}
<latexit sha1_base64="kiL/2r54jV/DnvMud4Q+u6pnBjc=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5UgXkulChbGItEHaqLKcZzWqp1EtoOoovwGC7/CwgBCjDDxNzhth9JyJEvH59yre+/xYkalsqwfo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKE0ZA0FVWMdGJBEPcYaXvD69xvPxAhaRTeqVFMXI76IQ0oRkpLPdNyiEIVhyM18IL0MTuGNTj5eWkjq9zXbIdTf8bvmWWrao0BF4k9JWUwRaNnfjl+hBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOr4sg0da8WEQCf1CBcfqbEeKuJQj7unKfEU57+Xif143UcGlm9IwThQJ8WRQkDCoIpjHBH0qCFZspAnCgupdIR4ggbDSYZZ0CPb8yYukdVK1z6tnt6fl+tU0jiI4AIegAmxwAergBjRAE2DwBF7AG3g3no1X48P4nJQWjGnPPvgD4/sXz+igNQ==</latexit>

⌘(x) = P(Y = 1 | x)
<latexit sha1_base64="7j36xLInWJbFUvGD2S4R3+Et9S4=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgIWFXfGEVtLGMYB6QXcLdySQZMvtg5q4QlpQ2/oqNhSK2foKdf+NskkITDwwczrmXuef4sRQabfvbyi0sLi2v5FcLa+sbm1vF7Z26jhLFeI1FMlJNHzSXIuQ1FCh5M1YcAl/yhj+4yfzGA1daROE9DmPuBdALRVcwQCO1i/tuH9DlCFfUDQD7DGTaHFEXI9qyjx2vXSzZZXsMOk+cKSmRKart4pfbiVgS8BCZBK1bjh2jl4JCwSQfFdxE8xjYAHq8ZWgIAddeOg4yoodG6dBupMwLkY7V3xspBFoPA99MZsfqWS8T//NaCXYvvVSEcYI8ZJOPuomkJmbWCu0IxRnKoSHAlDC3UtYHBQxNdwVTgjMbeZ7UT8rOefns7rRUuZ7WkSd75IAcEYdckAq5JVVSI4w8kmfySt6sJ+vFerc+JqM5a7qzS/7A+vwBGH+Yvg==</latexit>

⌘̂ : X ! [0, 1]
<latexit sha1_base64="v1MdCx5kFAOkf1BuVftrLgoW5aE=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FG3I5BLx4jmAUyQ6jpdJImPQvdNWIYAv6KFw+KePU7vPk3dpI5aOKDgtfvVdFVL0ik0Og431ZhaXllda24XtrY3NresXf3GjpOFeN1FstYtQLQXIqI11Gg5K1EcQgDyZvB8GbiNx+40iKO7nGUcD+EfiR6ggEaqWMfeANAjyNQD5JExY908ujYZafiTEEXiZuTMslR69hfXjdmacgjZBK0brtOgn4GCgWTfFzyUs0TYEPo87ahEYRc+9l0/TE9NkqX9mJlKkI6VX9PZBBqPQoD0xkCDvS8NxH/89op9q78TERJijxis496qaQY00kWtCsUZyhHhgBTwuxK2QAUMDSJlUwI7vzJi6RxWnEvKud3Z+XqdR5HkRySI3JCXHJJquSW1EidMJKRZ/JK3qwn68V6tz5mrQUrn9knf2B9/gD4j5WC</latexit>

⌘̂ ⇡ ⌘

<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

6

Input <latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x

Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)



/32Probabilistic predictions everywhere
●Having estimated , many downstream tasks can be solved 

● Case 1 (classification):  

<latexit sha1_base64="kiL/2r54jV/DnvMud4Q+u6pnBjc=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5UgXkulChbGItEHaqLKcZzWqp1EtoOoovwGC7/CwgBCjDDxNzhth9JyJEvH59yre+/xYkalsqwfo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKE0ZA0FVWMdGJBEPcYaXvD69xvPxAhaRTeqVFMXI76IQ0oRkpLPdNyiEIVhyM18IL0MTuGNTj5eWkjq9zXbIdTf8bvmWWrao0BF4k9JWUwRaNnfjl+hBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOr4sg0da8WEQCf1CBcfqbEeKuJQj7unKfEU57+Xif143UcGlm9IwThQJ8WRQkDCoIpjHBH0qCFZspAnCgupdIR4ggbDSYZZ0CPb8yYukdVK1z6tnt6fl+tU0jiI4AIegAmxwAergBjRAE2DwBF7AG3g3no1X48P4nJQWjGnPPvgD4/sXz+igNQ==</latexit>

⌘(x) = P(Y = 1 | x)
<latexit sha1_base64="LbBwpwHj5K9ACghtjQOF4+BMkMc="></latexit>

f⇤(x) = sign
�
⌘(x)� 1

2

�

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂
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/32Probabilistic predictions everywhere
●Having estimated , many downstream tasks can be solved 

● Case 1 (classification):  

<latexit sha1_base64="kiL/2r54jV/DnvMud4Q+u6pnBjc=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5UgXkulChbGItEHaqLKcZzWqp1EtoOoovwGC7/CwgBCjDDxNzhth9JyJEvH59yre+/xYkalsqwfo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKE0ZA0FVWMdGJBEPcYaXvD69xvPxAhaRTeqVFMXI76IQ0oRkpLPdNyiEIVhyM18IL0MTuGNTj5eWkjq9zXbIdTf8bvmWWrao0BF4k9JWUwRaNnfjl+hBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOr4sg0da8WEQCf1CBcfqbEeKuJQj7unKfEU57+Xif143UcGlm9IwThQJ8WRQkDCoIpjHBH0qCFZspAnCgupdIR4ggbDSYZZ0CPb8yYukdVK1z6tnt6fl+tU0jiI4AIegAmxwAergBjRAE2DwBF7AG3g3no1X48P4nJQWjGnPPvgD4/sXz+igNQ==</latexit>

⌘(x) = P(Y = 1 | x)
<latexit sha1_base64="LbBwpwHj5K9ACghtjQOF4+BMkMc="></latexit>

f⇤(x) = sign
�
⌘(x)� 1

2

�

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

7

Elkan, Charles. The foundations of cost-sensitive learning. Proceedings of the 17th International Joint Conference on Artificial Intelligence, 2001.

●Case 2 (cost-sensitive classification):  [Elkan 2001] 
❖ Cost for false positives =  

<latexit sha1_base64="PKQ10KkWkctLjJM1vC1+7hCGYPI=">AAACHnicbVDLSgMxFM3UV62vUZdugkVoBcuMWHUjFN24rGAf0I4lk2ba0CQzJBmxDP0SN/6KGxeKCK70b0zbWdjqgcDJOfdy7z1+xKjSjvNtZRYWl5ZXsqu5tfWNzS17e6euwlhiUsMhC2XTR4owKkhNU81IM5IEcZ+Rhj+4GvuNeyIVDcWtHkbE46gnaEAx0kbq2OXg7rDQ5kj3/SB5GBXhBZz8JE8U7YlRoU00mik4grjYsfNOyZkA/iVuSvIgRbVjf7a7IY45ERozpFTLdSLtJUhqihkZ5dqxIhHCA9QjLUMF4kR5yeS8ETwwShcGoTRPaDhRf3ckiCs15L6pHO+p5r2x+J/XinVw7iVURLEmAk8HBTGDOoTjrGCXSoI1GxqCsKRmV4j7SCKsTaI5E4I7f/JfUj8uuael8s1JvnKZxpEFe2AfFIALzkAFXIMqqAEMHsEzeAVv1pP1Yr1bH9PSjJX27IIZWF8/rXihlQ==</latexit>

f⇤(x) = sign(⌘(x)� c)

<latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c

Y = 1 Y = 0

<latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂



/32Probabilistic predictions everywhere
●Having estimated , many downstream tasks can be solved 
● Case 3 (bipartite ranking): Higher score for positive examples than negative examples 

❖  (  : some monotonic transform)

<latexit sha1_base64="kiL/2r54jV/DnvMud4Q+u6pnBjc=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5UgXkulChbGItEHaqLKcZzWqp1EtoOoovwGC7/CwgBCjDDxNzhth9JyJEvH59yre+/xYkalsqwfo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKE0ZA0FVWMdGJBEPcYaXvD69xvPxAhaRTeqVFMXI76IQ0oRkpLPdNyiEIVhyM18IL0MTuGNTj5eWkjq9zXbIdTf8bvmWWrao0BF4k9JWUwRaNnfjl+hBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOr4sg0da8WEQCf1CBcfqbEeKuJQj7unKfEU57+Xif143UcGlm9IwThQJ8WRQkDCoIpjHBH0qCFZspAnCgupdIR4ggbDSYZZ0CPb8yYukdVK1z6tnt6fl+tU0jiI4AIegAmxwAergBjRAE2DwBF7AG3g3no1X48P4nJQWjGnPPvgD4/sXz+igNQ==</latexit>

⌘(x) = P(Y = 1 | x)

<latexit sha1_base64="s6vmx0ILTz95RQNB93dSThFF3So=">AAACEnicbVDLSgMxFM34rPU16tJNsAitizIjvjZC0Y3LCvYBnbFk0kwbmkmGJCOWod/gxl9x40IRt67c+Tdm2oLaeiDhcM693HtPEDOqtON8WXPzC4tLy7mV/Ora+samvbVdVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gj6l5nfuCNSUcFv9CAmfoS6nIYUI22ktl0Kbw+KXoR0LwjT+2EJnkOPCo2KHsm+H6PUtgtO2RkBzhJ3Qgpggmrb/vQ6AicR4RozpFTLdWLtp0hqihkZ5r1EkRjhPuqSlqEcRUT56eikIdw3SgeGQprHNRypvztSFCk1iAJTme2opr1M/M9rJTo881PK40QTjseDwoRBLWCWD+xQSbBmA0MQltTsCnEPSYS1STFvQnCnT54l9cOye1I+vj4qVC4mceTALtgDReCCU1ABV6AKagCDB/AEXsCr9Wg9W2/W+7h0zpr07IA/sD6+AYcXnMg=</latexit>

f⇤(x) = ◆(⌘(x)) <latexit sha1_base64="hwyELtjud4K+w3VmStBohF006Y4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFYwttKJvtpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88GpVpygKqhNLtiBgmuGQBchSsnWpGkkiwVjS6nfqtJ6YNV/IBxykLEzKQPOaUoJWCLldIetWaV/dmcJeJX5AaFGj2ql/dvqJZwiRSQYzp+F6KYU40cirYpNLNDEsJHZEB61gqScJMmM+OnbgnVum7sdK2JLoz9fdEThJjxklkOxOCQ7PoTcX/vE6G8XWYc5lmyCSdL4oz4aJyp5+7fa4ZRTG2hFDN7a0uHRJNKNp8KjYEf/HlZfJ4Vvcv6xf357XGTRFHGY7gGE7BhytowB00IQAKHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/hA46/</latexit>◆

8

Chow., C. K. On optimum recognition error and reject tradeoff. IEEE Transactions on Information Theory, 16(1):41–46, 1970.



/32Probabilistic predictions everywhere
●Having estimated , many downstream tasks can be solved 
● Case 3 (bipartite ranking): Higher score for positive examples than negative examples 

❖  (  : some monotonic transform)

<latexit sha1_base64="kiL/2r54jV/DnvMud4Q+u6pnBjc=">AAACGXicbVC7TsMwFHXKq5RXgJHFokIqS5UgXkulChbGItEHaqLKcZzWqp1EtoOoovwGC7/CwgBCjDDxNzhth9JyJEvH59yre+/xYkalsqwfo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6HpKE0ZA0FVWMdGJBEPcYaXvD69xvPxAhaRTeqVFMXI76IQ0oRkpLPdNyiEIVhyM18IL0MTuGNTj5eWkjq9zXbIdTf8bvmWWrao0BF4k9JWUwRaNnfjl+hBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOr4sg0da8WEQCf1CBcfqbEeKuJQj7unKfEU57+Xif143UcGlm9IwThQJ8WRQkDCoIpjHBH0qCFZspAnCgupdIR4ggbDSYZZ0CPb8yYukdVK1z6tnt6fl+tU0jiI4AIegAmxwAergBjRAE2DwBF7AG3g3no1X48P4nJQWjGnPPvgD4/sXz+igNQ==</latexit>

⌘(x) = P(Y = 1 | x)

<latexit sha1_base64="s6vmx0ILTz95RQNB93dSThFF3So=">AAACEnicbVDLSgMxFM34rPU16tJNsAitizIjvjZC0Y3LCvYBnbFk0kwbmkmGJCOWod/gxl9x40IRt67c+Tdm2oLaeiDhcM693HtPEDOqtON8WXPzC4tLy7mV/Ora+samvbVdVyKRmNSwYEI2A6QIo5zUNNWMNGNJUBQw0gj6l5nfuCNSUcFv9CAmfoS6nIYUI22ktl0Kbw+KXoR0LwjT+2EJnkOPCo2KHsm+H6PUtgtO2RkBzhJ3Qgpggmrb/vQ6AicR4RozpFTLdWLtp0hqihkZ5r1EkRjhPuqSlqEcRUT56eikIdw3SgeGQprHNRypvztSFCk1iAJTme2opr1M/M9rJTo881PK40QTjseDwoRBLWCWD+xQSbBmA0MQltTsCnEPSYS1STFvQnCnT54l9cOye1I+vj4qVC4mceTALtgDReCCU1ABV6AKagCDB/AEXsCr9Wg9W2/W+7h0zpr07IA/sD6+AYcXnMg=</latexit>

f⇤(x) = ◆(⌘(x)) <latexit sha1_base64="hwyELtjud4K+w3VmStBohF006Y4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFYwttKJvtpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88GpVpygKqhNLtiBgmuGQBchSsnWpGkkiwVjS6nfqtJ6YNV/IBxykLEzKQPOaUoJWCLldIetWaV/dmcJeJX5AaFGj2ql/dvqJZwiRSQYzp+F6KYU40cirYpNLNDEsJHZEB61gqScJMmM+OnbgnVum7sdK2JLoz9fdEThJjxklkOxOCQ7PoTcX/vE6G8XWYc5lmyCSdL4oz4aJyp5+7fa4ZRTG2hFDN7a0uHRJNKNp8KjYEf/HlZfJ4Vvcv6xf357XGTRFHGY7gGE7BhytowB00IQAKHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/hA46/</latexit>◆

8

Chow., C. K. On optimum recognition error and reject tradeoff. IEEE Transactions on Information Theory, 16(1):41–46, 1970.

●Case 4 (learning with rejection): Agent is allowed to defer decisions to human with cost  

❖
 [Chow 1970] 

<latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c
<latexit sha1_base64="Md0enTGCPBy35ll8fE42PKPEpr4="></latexit>

f⇤(x) =

(
? if c  ⌘(x)  1� c

sign
�
⌘(x)� 1

2 ) otherwise

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="CpuGTudZT3v+ouFHRmGxxqyJ/Cc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVWa9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwByaWM8Q==</latexit>c
<latexit sha1_base64="/u3c3Ugq+o30SnVyp72hu883+BQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHbF1zHoxWNE84BkCbOT3mTI7OwyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WjGSXoR7QvecgZNVZ68E5Zt1R2K+4UZJF4OSlDjlq39NXpxSyNUBomqNZtz02Mn1FlOBM4LnZSjQllQ9rHtqWSRqj9bHrqmBxbpUfCWNmShkzV3xMZjbQeRYHtjKgZ6HlvIv7ntVMTXvsZl0lqULLZojAVxMRk8jfpcYXMiJEllClubyVsQBVlxqZTtCF48y8vksZZxbusXNyfl6s3eRwFOIQjOAEPrqAKd1CDOjDowzO8wpsjnBfn3fmYtS45+cwB/IHz+QOihY1j</latexit>

1� c
<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x

Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ <latexit sha1_base64="kI9kk6Ypzru9fLu3RP8ZAK6X5SM=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMh81hmeoWw5Be8eFDEqz/kzb9xNtmDJhY0FFXddHdFieAWfP/bK62srq1vlDcrW9s7u3vV/YNHq1NDWYtqoU0nIpYJrlgLOAjWSQwjMhKsHY1vc7/9xIzlWj3AJGGhJEPFY04J5FIv0tCv1vy6PwNeJkFBaqhAs1/96g00TSVTQAWxthv4CYQZMcCpYNNKL7UsIXRMhqzrqCKS2TCb3TrFJ04Z4FgbVwrwTP09kRFp7URGrlMSGNlFLxf/87opxNdhxlWSAlN0vihOBQaN88fxgBtGQUwcIdRwdyumI2IIBRdPxYUQLL68TB7P6sFl/eL+vNa4KeIooyN0jE5RgK5QA92hJmohikboGb2iN096L9679zFvLXnFzCH6A+/zBxzDjk0=</latexit>?
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Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
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Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
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Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

●How useful is probability estimate  for a downstream task?
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂
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Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

●How useful is probability estimate  for a downstream task?
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂
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Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

●How useful is probability estimate  for a downstream task?
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂
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                        , Moduli of Convexity, 
and                                         s

Y = 1 Y = 0 Y = 1 Y = 0

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

●How to compute  with only  and  ?
<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="dasf5QzN237RWZiN+UItoDGYkUc=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6cVnBPrAtJZPeaUMzmSHJiGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHv8WHBtXPfbWVpeWV1bL2wUN7e2d3ZLe/sNHSWKYZ1FIlItn2oUXGLdcCOwFSukoS+w6Y9uMr/5iErzSN6bcYzdkA4kDzijxkoPnZCaoR+kT5NeqexW3CnIIvFyUoYctV7pq9OPWBKiNExQrdueG5tuSpXhTOCk2Ek0xpSN6ADblkoaou6m08QTcmyVPgkiZZ80ZKr+3khpqPU49O1kllDPe5n4n9dOTHDVTbmME4OSzT4KEkFMRLLzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4M2fvEgapxXvonJ+d1auXud1FOAQjuAEPLiEKtxCDerAQMIzvMKbo50X5935mI0uOfnOAfyB8/kDAIiRJg==</latexit>x
Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

●How useful is probability estimate  for a downstream task?
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂



/32Outline
●Q. How should we assess probability estimates? 

❖ Proper losses 

●Q. How can estimated probabilities be used for other tasks? 
❖ Regret bounds 

●Q. How to compare different loss functions? 
❖ Order function of moduli

10

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

Proper Losses, Moduli of Convexity, 
and Surrogate Regret Bounds



/32Proper losses
●How to compute  with only  and  ? 

❖ Challenge: no observation of 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)

11

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)



/32Proper losses
●How to compute  with only  and  ? 

❖ Challenge: no observation of 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)

11

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="yd5eervTCr5YyYAJ5bRFGLoiVys=">AAACCHicbVDLSgNBEJyN7/iKevTgYBAiaNgVXxdB9OJRwTwgG8LspJMMzs4uM71CWDx68Ve8eFDEq5/gzb9xElfQxIKGmqpupruCWAqDrvvp5CYmp6ZnZufy8wuLS8uFldWqiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgpvzgV+7BW1EpK6xH0MzZF0lOoIztFKrsOGDlCVvx+8x9AHZNj2hu75UP+9WoeiW3SHoOPEyUiQZLluFD78d8SQEhVwyYxqeG2MzZRoFl3CX9xMDMeM3rAsNSxULwTTT4SF3dMsqbdqJtC2FdKj+nkhZaEw/DGxnyLBnRr2B+J/XSLBz3EyFihMExb8/6iSSYkQHqdC20MBR9i1hXAu7K+U9phlHm13ehuCNnjxOqntl77B8cLVfPD3L4pgl62STlIhHjsgpuSCXpEI4uSeP5Jm8OA/Ok/PqvH235pxsZo38gfP+BY76mHA=</latexit>

`(1, ⌘̂) = � ln ⌘̂
<latexit sha1_base64="lPWf/UC+cH1joQxtxG2DdO8ucTs=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtsyIr41QdOOygn1Ap5RMemtDM5khuSOU0g9w46+4caGIWz/AnX9j+kC09UDgcM653NwTxFIYdN0vZ25+YXFpObWSXl1b39jMbG1XTJRoDmUeyUjXAmZACgVlFCihFmtgYSChGnSvhn71HrQRkbrFXgyNkN0p0RacoZWamawPUubcQ7/D0AdkB/SC5n2pcl7+R7Ipt+COQGeJNyFZMkGpmfn0WxFPQlDIJTOm7rkxNvpMo+ASBmk/MRAz3mV3ULdUsRBMoz86ZkD3rdKi7Ujbp5CO1N8TfRYa0wsDmwwZdsy0NxT/8+oJts8bfaHiBEHx8aJ2IilGdNgMbQkNHGXPEsa1sH+lvMM042j7S9sSvOmTZ0nlqOCdFk5ujrPFy0kdKbJL9kiOeOSMFMk1KZEy4eSBPJEX8uo8Os/Om/M+js45k5kd8gfOxzdReZlG</latexit>

`(0, ⌘̂) = � ln(1� ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

● Loss function  
❖ Define loss function for  separately 

❖ Example (log loss): 

<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Ho1akfuI91XPtPYaVboJvYem6zc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ac0sUymk3boZBJmJkoI+Q83LhRx67+482+ctllo64ELh3Pu5d57/JgzpW372yotLa+srpXXKxubW9s71d29tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88c3E7zxSqVgk7nUaUy/EQ8ECRrA20kOKXCaQmzknyHbzfrVm1+0p0CJxClKDAs1+9csdRCQJqdCEY6V6jh1rL8NSM8JpXnETRWNMxnhIe4YKHFLlZdOrc3RklAEKImlKaDRVf09kOFQqDX3TGWI9UvPeRPzP6yU6uPIyJuJEU0Fmi4KEIx2hSQRowCQlmqeGYCKZuRWREZaYaBNUxYTgzL+8SNqndeeifn53VmtcF3GU4QAO4RgcuIQG3EITWkBAwjO8wpv1ZL1Y79bHrLVkFTP78AfW5w+vnZFZ</latexit>

y 2 {1, 0}
<latexit sha1_base64="n56t5Wl9xWSyF43lohAcPhbkDCs="></latexit>

`(y, ⌘̂) =

(
� ln ⌘̂ if y = 1

� ln(1� ⌘̂) if y = 0



/32Proper losses
●How to compute  with only  and  ? 

❖ Challenge: no observation of 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)

11

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="yd5eervTCr5YyYAJ5bRFGLoiVys=">AAACCHicbVDLSgNBEJyN7/iKevTgYBAiaNgVXxdB9OJRwTwgG8LspJMMzs4uM71CWDx68Ve8eFDEq5/gzb9xElfQxIKGmqpupruCWAqDrvvp5CYmp6ZnZufy8wuLS8uFldWqiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgpvzgV+7BW1EpK6xH0MzZF0lOoIztFKrsOGDlCVvx+8x9AHZNj2hu75UP+9WoeiW3SHoOPEyUiQZLluFD78d8SQEhVwyYxqeG2MzZRoFl3CX9xMDMeM3rAsNSxULwTTT4SF3dMsqbdqJtC2FdKj+nkhZaEw/DGxnyLBnRr2B+J/XSLBz3EyFihMExb8/6iSSYkQHqdC20MBR9i1hXAu7K+U9phlHm13ehuCNnjxOqntl77B8cLVfPD3L4pgl62STlIhHjsgpuSCXpEI4uSeP5Jm8OA/Ok/PqvH235pxsZo38gfP+BY76mHA=</latexit>

`(1, ⌘̂) = � ln ⌘̂
<latexit sha1_base64="lPWf/UC+cH1joQxtxG2DdO8ucTs=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtsyIr41QdOOygn1Ap5RMemtDM5khuSOU0g9w46+4caGIWz/AnX9j+kC09UDgcM653NwTxFIYdN0vZ25+YXFpObWSXl1b39jMbG1XTJRoDmUeyUjXAmZACgVlFCihFmtgYSChGnSvhn71HrQRkbrFXgyNkN0p0RacoZWamawPUubcQ7/D0AdkB/SC5n2pcl7+R7Ipt+COQGeJNyFZMkGpmfn0WxFPQlDIJTOm7rkxNvpMo+ASBmk/MRAz3mV3ULdUsRBMoz86ZkD3rdKi7Ujbp5CO1N8TfRYa0wsDmwwZdsy0NxT/8+oJts8bfaHiBEHx8aJ2IilGdNgMbQkNHGXPEsa1sH+lvMM042j7S9sSvOmTZ0nlqOCdFk5ujrPFy0kdKbJL9kiOeOSMFMk1KZEy4eSBPJEX8uo8Os/Om/M+js45k5kd8gfOxzdReZlG</latexit>

`(0, ⌘̂) = � ln(1� ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

● Loss function  
❖ Define loss function for  separately 

❖ Example (log loss): 

<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Ho1akfuI91XPtPYaVboJvYem6zc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ac0sUymk3boZBJmJkoI+Q83LhRx67+482+ctllo64ELh3Pu5d57/JgzpW372yotLa+srpXXKxubW9s71d29tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88c3E7zxSqVgk7nUaUy/EQ8ECRrA20kOKXCaQmzknyHbzfrVm1+0p0CJxClKDAs1+9csdRCQJqdCEY6V6jh1rL8NSM8JpXnETRWNMxnhIe4YKHFLlZdOrc3RklAEKImlKaDRVf09kOFQqDX3TGWI9UvPeRPzP6yU6uPIyJuJEU0Fmi4KEIx2hSQRowCQlmqeGYCKZuRWREZaYaBNUxYTgzL+8SNqndeeifn53VmtcF3GU4QAO4RgcuIQG3EITWkBAwjO8wpv1ZL1Y79bHrLVkFTP78AfW5w+vnZFZ</latexit>

y 2 {1, 0}
<latexit sha1_base64="n56t5Wl9xWSyF43lohAcPhbkDCs="></latexit>

`(y, ⌘̂) =

(
� ln ⌘̂ if y = 1

� ln(1� ⌘̂) if y = 0

●  can be assessed via expected loss<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))

<latexit sha1_base64="A1p16CvEd7mpaT2yzNRZUxNrLT8="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY |X`(Y, ⌘̂(X))

⇤



/32Proper losses
●How to compute  with only  and  ? 

❖ Challenge: no observation of 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)

11

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="yd5eervTCr5YyYAJ5bRFGLoiVys=">AAACCHicbVDLSgNBEJyN7/iKevTgYBAiaNgVXxdB9OJRwTwgG8LspJMMzs4uM71CWDx68Ve8eFDEq5/gzb9xElfQxIKGmqpupruCWAqDrvvp5CYmp6ZnZufy8wuLS8uFldWqiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgpvzgV+7BW1EpK6xH0MzZF0lOoIztFKrsOGDlCVvx+8x9AHZNj2hu75UP+9WoeiW3SHoOPEyUiQZLluFD78d8SQEhVwyYxqeG2MzZRoFl3CX9xMDMeM3rAsNSxULwTTT4SF3dMsqbdqJtC2FdKj+nkhZaEw/DGxnyLBnRr2B+J/XSLBz3EyFihMExb8/6iSSYkQHqdC20MBR9i1hXAu7K+U9phlHm13ehuCNnjxOqntl77B8cLVfPD3L4pgl62STlIhHjsgpuSCXpEI4uSeP5Jm8OA/Ok/PqvH235pxsZo38gfP+BY76mHA=</latexit>

`(1, ⌘̂) = � ln ⌘̂
<latexit sha1_base64="lPWf/UC+cH1joQxtxG2DdO8ucTs=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtsyIr41QdOOygn1Ap5RMemtDM5khuSOU0g9w46+4caGIWz/AnX9j+kC09UDgcM653NwTxFIYdN0vZ25+YXFpObWSXl1b39jMbG1XTJRoDmUeyUjXAmZACgVlFCihFmtgYSChGnSvhn71HrQRkbrFXgyNkN0p0RacoZWamawPUubcQ7/D0AdkB/SC5n2pcl7+R7Ipt+COQGeJNyFZMkGpmfn0WxFPQlDIJTOm7rkxNvpMo+ASBmk/MRAz3mV3ULdUsRBMoz86ZkD3rdKi7Ujbp5CO1N8TfRYa0wsDmwwZdsy0NxT/8+oJts8bfaHiBEHx8aJ2IilGdNgMbQkNHGXPEsa1sH+lvMM042j7S9sSvOmTZ0nlqOCdFk5ujrPFy0kdKbJL9kiOeOSMFMk1KZEy4eSBPJEX8uo8Os/Om/M+js45k5kd8gfOxzdReZlG</latexit>

`(0, ⌘̂) = � ln(1� ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

● Loss function  
❖ Define loss function for  separately 

❖ Example (log loss): 

<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Ho1akfuI91XPtPYaVboJvYem6zc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ac0sUymk3boZBJmJkoI+Q83LhRx67+482+ctllo64ELh3Pu5d57/JgzpW372yotLa+srpXXKxubW9s71d29tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88c3E7zxSqVgk7nUaUy/EQ8ECRrA20kOKXCaQmzknyHbzfrVm1+0p0CJxClKDAs1+9csdRCQJqdCEY6V6jh1rL8NSM8JpXnETRWNMxnhIe4YKHFLlZdOrc3RklAEKImlKaDRVf09kOFQqDX3TGWI9UvPeRPzP6yU6uPIyJuJEU0Fmi4KEIx2hSQRowCQlmqeGYCKZuRWREZaYaBNUxYTgzL+8SNqndeeifn53VmtcF3GU4QAO4RgcuIQG3EITWkBAwjO8wpv1ZL1Y79bHrLVkFTP78AfW5w+vnZFZ</latexit>

y 2 {1, 0}
<latexit sha1_base64="n56t5Wl9xWSyF43lohAcPhbkDCs="></latexit>

`(y, ⌘̂) =

(
� ln ⌘̂ if y = 1

� ln(1� ⌘̂) if y = 0

<latexit sha1_base64="1/NoJJcCGptocLOB7nMUTLHcJck=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARKmqZEatuhKIblxXsBTqlZNKMDc1cSM4IZeiTuPFV3LhQRHClb2Nm2kVtPZDw8f/nkJzfjQRXYFk/Rm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDm9RvPjKpeBjcwzBiHZ88BNzjlICWumblCjsMiL6EKNnH2OkTSIVDfIRL9skYM9OaMrtm0SpbWeF5sCdQRJOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsFHBiRWLCB2QB9bWGBCfqU6SrTfCB1rpYS+U+gSAM3V6IiG+UkPf1Z0+gb6a9VLxP68dg3fZSXgQxcACOn7IiwWGEKdZ4R6XjIIYaiBUcv1XTPtEEgo60YIOwZ5deR4ap2X7vFy5OytWrydx5NEe2kclZKMLVEW3qIbqiKIn9ILe0LvxbLwaH8bnuDVnTGZ20Z8yvn8BLH+e1Q==</latexit>

= ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)

●  can be assessed via expected loss<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))

<latexit sha1_base64="A1p16CvEd7mpaT2yzNRZUxNrLT8="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY |X`(Y, ⌘̂(X))

⇤



/32Proper losses
●How to compute  with only  and  ? 

❖ Challenge: no observation of 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂ <latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y
<latexit sha1_base64="Y05GRPjOeOilfj1zzscJ1P1SpM4=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQNyURX8uiG5cV7AOaUCbTSTt0MgkzE2kJ+RU3LhRx64+482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeVjtyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNef3OV+94kISSP+qGYx8UI04jSgGCktDcyqSxSquyFSYz9Ip9mAng3Mmt2w57BWiVOQGhRoDcwvdxjhJCRcYYak7Dt2rLwUCUUxI1nFTSSJEZ6gEelrylFIpJfOs2fWqVaGVhAJ/biy5urvjRSFUs5CX0/mIeWyl4v/ef1EBTdeSnmcKMLx4lCQMEtFVl6ENaSCYMVmmiAsqM5q4TESCCtdV0WX4Cx/eZV0zhvOVePy4aLWvC3qKMMxnEAdHLiGJtxDC9qAYQrP8ApvRma8GO/Gx2K0ZBQ7R/AHxucP2niUVg==</latexit>

⌘(xi)

11

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="yd5eervTCr5YyYAJ5bRFGLoiVys=">AAACCHicbVDLSgNBEJyN7/iKevTgYBAiaNgVXxdB9OJRwTwgG8LspJMMzs4uM71CWDx68Ve8eFDEq5/gzb9xElfQxIKGmqpupruCWAqDrvvp5CYmp6ZnZufy8wuLS8uFldWqiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgpvzgV+7BW1EpK6xH0MzZF0lOoIztFKrsOGDlCVvx+8x9AHZNj2hu75UP+9WoeiW3SHoOPEyUiQZLluFD78d8SQEhVwyYxqeG2MzZRoFl3CX9xMDMeM3rAsNSxULwTTT4SF3dMsqbdqJtC2FdKj+nkhZaEw/DGxnyLBnRr2B+J/XSLBz3EyFihMExb8/6iSSYkQHqdC20MBR9i1hXAu7K+U9phlHm13ehuCNnjxOqntl77B8cLVfPD3L4pgl62STlIhHjsgpuSCXpEI4uSeP5Jm8OA/Ok/PqvH235pxsZo38gfP+BY76mHA=</latexit>

`(1, ⌘̂) = � ln ⌘̂
<latexit sha1_base64="lPWf/UC+cH1joQxtxG2DdO8ucTs=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtsyIr41QdOOygn1Ap5RMemtDM5khuSOU0g9w46+4caGIWz/AnX9j+kC09UDgcM653NwTxFIYdN0vZ25+YXFpObWSXl1b39jMbG1XTJRoDmUeyUjXAmZACgVlFCihFmtgYSChGnSvhn71HrQRkbrFXgyNkN0p0RacoZWamawPUubcQ7/D0AdkB/SC5n2pcl7+R7Ipt+COQGeJNyFZMkGpmfn0WxFPQlDIJTOm7rkxNvpMo+ASBmk/MRAz3mV3ULdUsRBMoz86ZkD3rdKi7Ujbp5CO1N8TfRYa0wsDmwwZdsy0NxT/8+oJts8bfaHiBEHx8aJ2IilGdNgMbQkNHGXPEsa1sH+lvMM042j7S9sSvOmTZ0nlqOCdFk5ujrPFy0kdKbJL9kiOeOSMFMk1KZEy4eSBPJEX8uo8Os/Om/M+js45k5kd8gfOxzdReZlG</latexit>

`(0, ⌘̂) = � ln(1� ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

● Loss function  
❖ Define loss function for  separately 

❖ Example (log loss): 

<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Ho1akfuI91XPtPYaVboJvYem6zc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2Ac0sUymk3boZBJmJkoI+Q83LhRx67+482+ctllo64ELh3Pu5d57/JgzpW372yotLa+srpXXKxubW9s71d29tooSSWiLRDySXR8rypmgLc00p91YUhz6nHb88c3E7zxSqVgk7nUaUy/EQ8ECRrA20kOKXCaQmzknyHbzfrVm1+0p0CJxClKDAs1+9csdRCQJqdCEY6V6jh1rL8NSM8JpXnETRWNMxnhIe4YKHFLlZdOrc3RklAEKImlKaDRVf09kOFQqDX3TGWI9UvPeRPzP6yU6uPIyJuJEU0Fmi4KEIx2hSQRowCQlmqeGYCKZuRWREZaYaBNUxYTgzL+8SNqndeeifn53VmtcF3GU4QAO4RgcuIQG3EITWkBAwjO8wpv1ZL1Y79bHrLVkFTP78AfW5w+vnZFZ</latexit>

y 2 {1, 0}
<latexit sha1_base64="n56t5Wl9xWSyF43lohAcPhbkDCs="></latexit>

`(y, ⌘̂) =

(
� ln ⌘̂ if y = 1

� ln(1� ⌘̂) if y = 0

<latexit sha1_base64="1/NoJJcCGptocLOB7nMUTLHcJck=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARKmqZEatuhKIblxXsBTqlZNKMDc1cSM4IZeiTuPFV3LhQRHClb2Nm2kVtPZDw8f/nkJzfjQRXYFk/Rm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDm9RvPjKpeBjcwzBiHZ88BNzjlICWumblCjsMiL6EKNnH2OkTSIVDfIRL9skYM9OaMrtm0SpbWeF5sCdQRJOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsFHBiRWLCB2QB9bWGBCfqU6SrTfCB1rpYS+U+gSAM3V6IiG+UkPf1Z0+gb6a9VLxP68dg3fZSXgQxcACOn7IiwWGEKdZ4R6XjIIYaiBUcv1XTPtEEgo60YIOwZ5deR4ap2X7vFy5OytWrydx5NEe2kclZKMLVEW3qIbqiKIn9ILe0LvxbLwaH8bnuDVnTGZ20Z8yvn8BLH+e1Q==</latexit>

= ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)

●  can be assessed via expected loss<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))

<latexit sha1_base64="A1p16CvEd7mpaT2yzNRZUxNrLT8="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY |X`(Y, ⌘̂(X))

⇤

<latexit sha1_base64="m8aFpbqWrbzpA2RIH0bAPOetxlg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREfG2EohuXFewDmlAmk0k7dPJg5kYooUs3/oobF4q49RPc+TdO2i609cCFwzn3cu89XiK4Asv6NgoLi0vLK8XV0tr6xuaWub3TVHEqKWvQWMSy7RHFBI9YAzgI1k4kI6EnWMsb3OR+64FJxePoHoYJc0PSi3jAKQEtdc39K+yEBPoyzHy9bVRxGJBj7PQJ5Oyoa5atqjUGnif2lJTRFPWu+eX4MU1DFgEVRKmObSXgZkQCp4KNSk6qWELogPRYR9OIhEy52fiRET7Uio+DWOqKAI/V3xMZCZUahp7uzI9Ws14u/ud1Uggu3YxHSQosopNFQSowxDhPBftcMgpiqAmhkutbMe0TSSjo7Eo6BHv25XnSPKna59Wzu9Ny7XoaRxHtoQNUQTa6QDV0i+qogSh6RM/oFb0ZT8aL8W58TFoLxnRmF/2B8fkD1S+ZOw==</latexit>

= dist(⌘, ⌘̂)



/32Proper losses
●  can be assessed via expected loss   

●Q. What conditions should  satisfy? 
❖ Minimization of  should lead to 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="G+giit3vrOhcD6kSeAAAn/20JJI="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY=1|X`(Y, ⌘̂(X))

⇤

<latexit sha1_base64="1/NoJJcCGptocLOB7nMUTLHcJck=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARKmqZEatuhKIblxXsBTqlZNKMDc1cSM4IZeiTuPFV3LhQRHClb2Nm2kVtPZDw8f/nkJzfjQRXYFk/Rm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDm9RvPjKpeBjcwzBiHZ88BNzjlICWumblCjsMiL6EKNnH2OkTSIVDfIRL9skYM9OaMrtm0SpbWeF5sCdQRJOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsFHBiRWLCB2QB9bWGBCfqU6SrTfCB1rpYS+U+gSAM3V6IiG+UkPf1Z0+gb6a9VLxP68dg3fZSXgQxcACOn7IiwWGEKdZ4R6XjIIYaiBUcv1XTPtEEgo60YIOwZ5deR4ap2X7vFy5OytWrydx5NEe2kclZKMLVEW3qIbqiKIn9ILe0LvxbLwaH8bnuDVnTGZ20Z8yvn8BLH+e1Q==</latexit>

= ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="m8aFpbqWrbzpA2RIH0bAPOetxlg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREfG2EohuXFewDmlAmk0k7dPJg5kYooUs3/oobF4q49RPc+TdO2i609cCFwzn3cu89XiK4Asv6NgoLi0vLK8XV0tr6xuaWub3TVHEqKWvQWMSy7RHFBI9YAzgI1k4kI6EnWMsb3OR+64FJxePoHoYJc0PSi3jAKQEtdc39K+yEBPoyzHy9bVRxGJBj7PQJ5Oyoa5atqjUGnif2lJTRFPWu+eX4MU1DFgEVRKmObSXgZkQCp4KNSk6qWELogPRYR9OIhEy52fiRET7Uio+DWOqKAI/V3xMZCZUahp7uzI9Ws14u/ud1Uggu3YxHSQosopNFQSowxDhPBftcMgpiqAmhkutbMe0TSSjo7Eo6BHv25XnSPKna59Wzu9Ny7XoaRxHtoQNUQTa6QDV0i+qogSh6RM/oFb0ZT8aL8W58TFoLxnRmF/2B8fkD1S+ZOw==</latexit>

= dist(⌘, ⌘̂)
<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)
<latexit sha1_base64="v1MdCx5kFAOkf1BuVftrLgoW5aE=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FG3I5BLx4jmAUyQ6jpdJImPQvdNWIYAv6KFw+KePU7vPk3dpI5aOKDgtfvVdFVL0ik0Og431ZhaXllda24XtrY3NresXf3GjpOFeN1FstYtQLQXIqI11Gg5K1EcQgDyZvB8GbiNx+40iKO7nGUcD+EfiR6ggEaqWMfeANAjyNQD5JExY908ujYZafiTEEXiZuTMslR69hfXjdmacgjZBK0brtOgn4GCgWTfFzyUs0TYEPo87ahEYRc+9l0/TE9NkqX9mJlKkI6VX9PZBBqPQoD0xkCDvS8NxH/89op9q78TERJijxis496qaQY00kWtCsUZyhHhgBTwuxK2QAUMDSJlUwI7vzJi6RxWnEvKud3Z+XqdR5HkRySI3JCXHJJquSW1EidMJKRZ/JK3qwn68V6tz5mrQUrn9knf2B9/gD4j5WC</latexit>

⌘̂ ⇡ ⌘

12

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).



/32Proper losses
●  can be assessed via expected loss   

●Q. What conditions should  satisfy? 
❖ Minimization of  should lead to 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="G+giit3vrOhcD6kSeAAAn/20JJI="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY=1|X`(Y, ⌘̂(X))

⇤

<latexit sha1_base64="1/NoJJcCGptocLOB7nMUTLHcJck=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARKmqZEatuhKIblxXsBTqlZNKMDc1cSM4IZeiTuPFV3LhQRHClb2Nm2kVtPZDw8f/nkJzfjQRXYFk/Rm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDm9RvPjKpeBjcwzBiHZ88BNzjlICWumblCjsMiL6EKNnH2OkTSIVDfIRL9skYM9OaMrtm0SpbWeF5sCdQRJOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsFHBiRWLCB2QB9bWGBCfqU6SrTfCB1rpYS+U+gSAM3V6IiG+UkPf1Z0+gb6a9VLxP68dg3fZSXgQxcACOn7IiwWGEKdZ4R6XjIIYaiBUcv1XTPtEEgo60YIOwZ5deR4ap2X7vFy5OytWrydx5NEe2kclZKMLVEW3qIbqiKIn9ILe0LvxbLwaH8bnuDVnTGZ20Z8yvn8BLH+e1Q==</latexit>

= ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="m8aFpbqWrbzpA2RIH0bAPOetxlg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREfG2EohuXFewDmlAmk0k7dPJg5kYooUs3/oobF4q49RPc+TdO2i609cCFwzn3cu89XiK4Asv6NgoLi0vLK8XV0tr6xuaWub3TVHEqKWvQWMSy7RHFBI9YAzgI1k4kI6EnWMsb3OR+64FJxePoHoYJc0PSi3jAKQEtdc39K+yEBPoyzHy9bVRxGJBj7PQJ5Oyoa5atqjUGnif2lJTRFPWu+eX4MU1DFgEVRKmObSXgZkQCp4KNSk6qWELogPRYR9OIhEy52fiRET7Uio+DWOqKAI/V3xMZCZUahp7uzI9Ws14u/ud1Uggu3YxHSQosopNFQSowxDhPBftcMgpiqAmhkutbMe0TSSjo7Eo6BHv25XnSPKna59Wzu9Ny7XoaRxHtoQNUQTa6QDV0i+qogSh6RM/oFb0ZT8aL8W58TFoLxnRmF/2B8fkD1S+ZOw==</latexit>

= dist(⌘, ⌘̂)
<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)
<latexit sha1_base64="v1MdCx5kFAOkf1BuVftrLgoW5aE=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FG3I5BLx4jmAUyQ6jpdJImPQvdNWIYAv6KFw+KePU7vPk3dpI5aOKDgtfvVdFVL0ik0Og431ZhaXllda24XtrY3NresXf3GjpOFeN1FstYtQLQXIqI11Gg5K1EcQgDyZvB8GbiNx+40iKO7nGUcD+EfiR6ggEaqWMfeANAjyNQD5JExY908ujYZafiTEEXiZuTMslR69hfXjdmacgjZBK0brtOgn4GCgWTfFzyUs0TYEPo87ahEYRc+9l0/TE9NkqX9mJlKkI6VX9PZBBqPQoD0xkCDvS8NxH/89op9q78TERJijxis496qaQY00kWtCsUZyhHhgBTwuxK2QAUMDSJlUwI7vzJi6RxWnEvKud3Z+XqdR5HkRySI3JCXHJJquSW1EidMJKRZ/JK3qwn68V6tz5mrQUrn9knf2B9/gD4j5WC</latexit>

⌘̂ ⇡ ⌘

12

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).

Definition [Buja et al., 2005].  is proper when  for all . <latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="foMzAmydvCClmjupNJM6Uvy5vqk="></latexit>

L`(⌘, ⌘) = L`(⌘)
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

Bayes risk 
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)Conditional risk 
<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)



/32Proper losses
●  can be assessed via expected loss   

●Q. What conditions should  satisfy? 
❖ Minimization of  should lead to 

<latexit sha1_base64="HmZs5hymaosU3f7x9fYeYGfnuUY=">AAACHnicbVBNS8NAEN34WetX1KOXxSK0ICURqx6LXjxWsB/QlLLZbtqlu0nYnYgl9Jd48a948aCI4En/jdu0B219MPB4b4aZeX4suAbH+baWlldW19ZzG/nNre2dXXtvv6GjRFFWp5GIVMsnmgkesjpwEKwVK0akL1jTH15P/OY9U5pH4R2MYtaRpB/ygFMCRuraFU8SGCiZ9syucdFjQIqZ5Afpw7h0gr0BgXm11LULTtnJgBeJOyMFNEOta396vYgmkoVABdG67ToxdFKigFPBxnkv0SwmdEj6rG1oSCTTnTR7b4yPjdLDQaRMhYAz9fdESqTWI+mbzsmNet6biP957QSCy07KwzgBFtLpoiARGCI8yQr3uGIUxMgQQhU3t2I6IIpQMInmTQju/MuLpHFads/LlduzQvVqFkcOHaIjVEQuukBVdINqqI4oekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vrB7wZotg=</latexit>

dist(⌘(x), ⌘̂(x))
<latexit sha1_base64="G+giit3vrOhcD6kSeAAAn/20JJI="></latexit>

E(X,Y )`(Y, ⌘̂(X)) = EX

⇥
EY=1|X`(Y, ⌘̂(X))

⇤

<latexit sha1_base64="1/NoJJcCGptocLOB7nMUTLHcJck=">AAACHnicbZDLSgMxFIYz9VbrbdSlm2ARKmqZEatuhKIblxXsBTqlZNKMDc1cSM4IZeiTuPFV3LhQRHClb2Nm2kVtPZDw8f/nkJzfjQRXYFk/Rm5hcWl5Jb9aWFvf2Nwyt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7qDm9RvPjKpeBjcwzBiHZ88BNzjlICWumblCjsMiL6EKNnH2OkTSIVDfIRL9skYM9OaMrtm0SpbWeF5sCdQRJOqdc0vpxfS2GcBUEGUattWBJ2ESOBUsFHBiRWLCB2QB9bWGBCfqU6SrTfCB1rpYS+U+gSAM3V6IiG+UkPf1Z0+gb6a9VLxP68dg3fZSXgQxcACOn7IiwWGEKdZ4R6XjIIYaiBUcv1XTPtEEgo60YIOwZ5deR4ap2X7vFy5OytWrydx5NEe2kclZKMLVEW3qIbqiKIn9ILe0LvxbLwaH8bnuDVnTGZ20Z8yvn8BLH+e1Q==</latexit>

= ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="m8aFpbqWrbzpA2RIH0bAPOetxlg=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREfG2EohuXFewDmlAmk0k7dPJg5kYooUs3/oobF4q49RPc+TdO2i609cCFwzn3cu89XiK4Asv6NgoLi0vLK8XV0tr6xuaWub3TVHEqKWvQWMSy7RHFBI9YAzgI1k4kI6EnWMsb3OR+64FJxePoHoYJc0PSi3jAKQEtdc39K+yEBPoyzHy9bVRxGJBj7PQJ5Oyoa5atqjUGnif2lJTRFPWu+eX4MU1DFgEVRKmObSXgZkQCp4KNSk6qWELogPRYR9OIhEy52fiRET7Uio+DWOqKAI/V3xMZCZUahp7uzI9Ws14u/ud1Uggu3YxHSQosopNFQSowxDhPBftcMgpiqAmhkutbMe0TSSjo7Eo6BHv25XnSPKna59Wzu9Ny7XoaRxHtoQNUQTa6QDV0i+qogSh6RM/oFb0ZT8aL8W58TFoLxnRmF/2B8fkD1S+ZOw==</latexit>

= dist(⌘, ⌘̂)
<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)
<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)
<latexit sha1_base64="v1MdCx5kFAOkf1BuVftrLgoW5aE=">AAAB/nicbVDJSgNBEO2JW4zbqHjy0hgET2FG3I5BLx4jmAUyQ6jpdJImPQvdNWIYAv6KFw+KePU7vPk3dpI5aOKDgtfvVdFVL0ik0Og431ZhaXllda24XtrY3NresXf3GjpOFeN1FstYtQLQXIqI11Gg5K1EcQgDyZvB8GbiNx+40iKO7nGUcD+EfiR6ggEaqWMfeANAjyNQD5JExY908ujYZafiTEEXiZuTMslR69hfXjdmacgjZBK0brtOgn4GCgWTfFzyUs0TYEPo87ahEYRc+9l0/TE9NkqX9mJlKkI6VX9PZBBqPQoD0xkCDvS8NxH/89op9q78TERJijxis496qaQY00kWtCsUZyhHhgBTwuxK2QAUMDSJlUwI7vzJi6RxWnEvKud3Z+XqdR5HkRySI3JCXHJJquSW1EidMJKRZ/JK3qwn68V6tz5mrQUrn9knf2B9/gD4j5WC</latexit>

⌘̂ ⇡ ⌘

12

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).

Definition [Buja et al., 2005].  is proper when  for all . <latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="foMzAmydvCClmjupNJM6Uvy5vqk="></latexit>

L`(⌘, ⌘) = L`(⌘)
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

Bayes risk 
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)Conditional risk 
<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)

❖  minimizes conditional risk 

❖ We say  is strictly proper if the minimizer is unique

<latexit sha1_base64="t8XFz7PWRWhCR3YmhEZrzgNc20E=">AAAB+HicdVDLSgMxFM34rPXRUZdugkVwNcz0MW0XQtGNywr2AW0pmTRtQzOZIbkj1NIvceNCEbd+ijv/xvQhqOiByz2ccy+5OUEsuAbX/bDW1jc2t7ZTO+ndvf2DjH141NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZjK/mfvOOKc0jeQuTmHVDMpR8wCkBI/XsTGdEoMOA4As8bz076zqun6sUKth1vFK+nPcMyeeKFd/HnuMukEUr1Hr2e6cf0SRkEqggWrc9N4bulCjgVLBZupNoFhM6JkPWNlSSkOnudHH4DJ8ZpY8HkTIlAS/U7xtTEmo9CQMzGRIY6d/eXPzLaycwKHenXMYJMEmXDw0SgSHC8xRwnytGQUwMIVRxcyumI6IIBZNV2oTw9VP8P2nkHM93ijeFbPVyFUcKnaBTdI48VEJVdI1qqI4oStADekLP1r31aL1Yr8vRNWu1c4x+wHr7BEiWkuE=</latexit>

⌘̂ = ⌘
<latexit sha1_base64="9020m0YOwkpNOrMdPKPg5Qs3UdA=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxAiSJgRt2PQi8cIZoHMEHo6laRJz0J3jTLEfIoXD4p49Uu8+Td2loMmPih4vFdFVb0gkUKj43xbS8srq2vruY385tb2zq5d2KvrOFUcajyWsWoGTIMUEdRQoIRmooCFgYRGMLgZ+40HUFrE0T1mCfgh60WiKzhDI7XtggdSlrIT6vUZeoDsuG0XnbIzAV0k7owUyQzVtv3ldWKehhAhl0zrlusk6A+ZQsEljPJeqiFhfMB60DI0YiFofzg5fUSPjNKh3ViZipBO1N8TQxZqnYWB6QwZ9vW8Nxb/81opdq/8oYiSFCHi00XdVFKM6TgH2hEKOMrMEMaVMLdS3meKcTRp5U0I7vzLi6R+WnYvyud3Z8XK9SyOHDkgh6REXHJJKuSWVEmNcPJInskrebOerBfr3fqYti5Zs5l98gfW5w8PDJM9</latexit>

`(y, ⌘̂)



/32Proper losses
●Q. How to test properness? 

Theorem [Savage 1971].  is proper iff  is concave and 
 for all . 

Theorem [Agarwal 2014].  is strictly proper iff  is strictly concave.

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`
<latexit sha1_base64="ZiRQEUEMrL4b6A2RgZtYQ44S6c4="></latexit>

L(⌘, ⌘̂) = L`(⌘̂) + (⌘ � ⌘̂)L0
`(⌘̂)

<latexit sha1_base64="4zwJLFUfPbeZAwkh7kqmTOQw3Mo=">AAACAXicdVDJSgNBEO1xjXGLehG8NAYhQhhmErPdgl48RjALZELo6XSSxp6eobtGCCFe/BUvHhTx6l9482/sLIKKPih4vFdFVT0/ElyD43xYS8srq2vriY3k5tb2zm5qb7+hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y07+5mPrNW6Y0D+U1jCLWCchA8j6nBIzUTR16DEgWe0MCU4Y9LnHGybqn3VTasZ1irnJWwY7tlvLlvGtIPleoFIvYtZ0Z0miBWjf17vVCGgdMAhVE67brRNAZEwWcCjZJerFmEaE3ZMDahkoSMN0Zzz6Y4BOj9HA/VKYk4Jn6fWJMAq1HgW86AwJD/dubin957Rj65c6YyygGJul8UT8WGEI8jQP3uGIUxMgQQhU3t2I6JIpQMKElTQhfn+L/SSNnu0W7cHWWrp4v4kigI3SMMshFJVRFl6iG6oiiO/SAntCzdW89Wi/W67x1yVrMHKAfsN4+AQfklVs=</latexit>

⌘, ⌘̂ 2 (0, 1)

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`

13

Savage, Leonard J. Elicitation of personal probabilities and expectations. Journal of the American Statistical Association 66.336 (1971): 783-801.

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014): 1653-1674.



/32Proper losses
●Q. How to test properness? 

Theorem [Savage 1971].  is proper iff  is concave and 
 for all . 

Theorem [Agarwal 2014].  is strictly proper iff  is strictly concave.

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`
<latexit sha1_base64="ZiRQEUEMrL4b6A2RgZtYQ44S6c4="></latexit>

L(⌘, ⌘̂) = L`(⌘̂) + (⌘ � ⌘̂)L0
`(⌘̂)

<latexit sha1_base64="4zwJLFUfPbeZAwkh7kqmTOQw3Mo=">AAACAXicdVDJSgNBEO1xjXGLehG8NAYhQhhmErPdgl48RjALZELo6XSSxp6eobtGCCFe/BUvHhTx6l9482/sLIKKPih4vFdFVT0/ElyD43xYS8srq2vriY3k5tb2zm5qb7+hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y07+5mPrNW6Y0D+U1jCLWCchA8j6nBIzUTR16DEgWe0MCU4Y9LnHGybqn3VTasZ1irnJWwY7tlvLlvGtIPleoFIvYtZ0Z0miBWjf17vVCGgdMAhVE67brRNAZEwWcCjZJerFmEaE3ZMDahkoSMN0Zzz6Y4BOj9HA/VKYk4Jn6fWJMAq1HgW86AwJD/dubin957Rj65c6YyygGJul8UT8WGEI8jQP3uGIUxMgQQhU3t2I6JIpQMKElTQhfn+L/SSNnu0W7cHWWrp4v4kigI3SMMshFJVRFl6iG6oiiO/SAntCzdW89Wi/W67x1yVrMHKAfsN4+AQfklVs=</latexit>

⌘, ⌘̂ 2 (0, 1)

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`

13

Savage, Leonard J. Elicitation of personal probabilities and expectations. Journal of the American Statistical Association 66.336 (1971): 783-801.

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014): 1653-1674.

● [ ] Check strict concavity of <latexit sha1_base64="pab0B+ndEPEcvTDhyP6kDC+uW6Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8co5gGbJcxOZpMhszPLTK8SQj7DiwdFvPo13vwbJ8keNFrQUFR1090VpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt2eVmpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35RbkXc=</latexit>)
<latexit sha1_base64="XFV51c8te7Gp7VeDQSxMUXM9BSM=">AAAB+3icbVDLSsNAFJ3UV62vWpdugkVwVRLxtSy6ceGign1AE8JkctMOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnHu6d4yeMSmVZ30ZlZXVtfaO6Wdva3tndq+83ejJOBYEuiVksBj6WwCiHrqKKwSARgCOfQd+f3BR+/xGEpDF/UNME3AiPOA0pwUpLXr3hpDwAUcSzu9xzgDGv3rRa1gzmMrFL0kQlOl79ywlikkbAFWFYyqFtJcrNsFCUMMhrTiohwWSCRzDUlOMIpJvNbs/NY60EZhgL/bgyZ+rvRIYjKaeRrycjrMZy0SvE/7xhqsIrN6M8SRVwMl8UpsxUsVkUYQZUAFFsqgkmgupbTTLGAhOl66rpEuzFLy+T3mnLvmid358129dlHVV0iI7QCbLRJWqjW9RBXUTQE3pGr+jNyI0X4934mI9WjDJzgP7A+PwBihiUxw==</latexit>

L`



/32Proper losses
●Q. How to test properness? 

Theorem [Savage 1971].  is proper iff  is concave and 
 for all . 

Theorem [Agarwal 2014].  is strictly proper iff  is strictly concave.

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`
<latexit sha1_base64="ZiRQEUEMrL4b6A2RgZtYQ44S6c4="></latexit>

L(⌘, ⌘̂) = L`(⌘̂) + (⌘ � ⌘̂)L0
`(⌘̂)

<latexit sha1_base64="4zwJLFUfPbeZAwkh7kqmTOQw3Mo=">AAACAXicdVDJSgNBEO1xjXGLehG8NAYhQhhmErPdgl48RjALZELo6XSSxp6eobtGCCFe/BUvHhTx6l9482/sLIKKPih4vFdFVT0/ElyD43xYS8srq2vriY3k5tb2zm5qb7+hw1hRVqehCFXLJ5oJLlkdOAjWihQjgS9Y07+5mPrNW6Y0D+U1jCLWCchA8j6nBIzUTR16DEgWe0MCU4Y9LnHGybqn3VTasZ1irnJWwY7tlvLlvGtIPleoFIvYtZ0Z0miBWjf17vVCGgdMAhVE67brRNAZEwWcCjZJerFmEaE3ZMDahkoSMN0Zzz6Y4BOj9HA/VKYk4Jn6fWJMAq1HgW86AwJD/dubin957Rj65c6YyygGJul8UT8WGEI8jQP3uGIUxMgQQhU3t2I6JIpQMKElTQhfn+L/SSNnu0W7cHWWrp4v4kigI3SMMshFJVRFl6iG6oiiO/SAntCzdW89Wi/W67x1yVrMHKAfsN4+AQfklVs=</latexit>

⌘, ⌘̂ 2 (0, 1)

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`
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Savage, Leonard J. Elicitation of personal probabilities and expectations. Journal of the American Statistical Association 66.336 (1971): 783-801.

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014): 1653-1674.

● [ ] Check strict concavity of <latexit sha1_base64="pab0B+ndEPEcvTDhyP6kDC+uW6Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8co5gGbJcxOZpMhszPLTK8SQj7DiwdFvPo13vwbJ8keNFrQUFR1090VpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt2eVmpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35RbkXc=</latexit>)
<latexit sha1_base64="XFV51c8te7Gp7VeDQSxMUXM9BSM=">AAAB+3icbVDLSsNAFJ3UV62vWpdugkVwVRLxtSy6ceGign1AE8JkctMOnUzCzEQsIb/ixoUibv0Rd/6NkzYLbT0wcDjnHu6d4yeMSmVZ30ZlZXVtfaO6Wdva3tndq+83ejJOBYEuiVksBj6WwCiHrqKKwSARgCOfQd+f3BR+/xGEpDF/UNME3AiPOA0pwUpLXr3hpDwAUcSzu9xzgDGv3rRa1gzmMrFL0kQlOl79ywlikkbAFWFYyqFtJcrNsFCUMMhrTiohwWSCRzDUlOMIpJvNbs/NY60EZhgL/bgyZ+rvRIYjKaeRrycjrMZy0SvE/7xhqsIrN6M8SRVwMl8UpsxUsVkUYQZUAFFsqgkmgupbTTLGAhOl66rpEuzFLy+T3mnLvmid358129dlHVV0iI7QCbLRJWqjW9RBXUTQE3pGr+jNyI0X4934mI9WjDJzgP7A+PwBihiUxw==</latexit>

L`

● [ ] For a concave , loss  is proper 
❖ Remark: proper loss and concave function are closely related

<latexit sha1_base64="H4xdnx/emB3rJhC8jAkzFnkJJ/g=">AAAB8XicbVDJSgNBEO2JW4xb1KOXwSB4CjPidgx68eAhglkwGUJPpyZp0tM9dNcoYchfePGgiFf/xpt/Y2c5aOKDgsd7VVTVCxPBDXret5NbWl5ZXcuvFzY2t7Z3irt7daNSzaDGlFC6GVIDgkuoIUcBzUQDjUMBjXBwPfYbj6ANV/IehwkEMe1JHnFG0UoP7VuIkGqtnjrFklf2JnAXiT8jJTJDtVP8ancVS2OQyAQ1puV7CQYZ1ciZgFGhnRpIKBvQHrQslTQGE2STi0fukVW6bqS0LYnuRP09kdHYmGEc2s6YYt/Me2PxP6+VYnQZZFwmKYJk00VRKlxU7vh9t8s1MBRDSyjT3N7qsj7VlKENqWBD8OdfXiT1k7J/Xj67Oy1VrmZx5MkBOSTHxCcXpEJuSJXUCCOSPJNX8uYY58V5dz6mrTlnNrNP/sD5/AG8ypD6</latexit>(
<latexit sha1_base64="Sc2wEyS4KdwP55RajFfCP/K+5hA=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSiC9cFd10WcU+IAllMp20QycPZiZCCXXjr7hxoYhb/8Kdf+Ok7UJbDwwczrmXuef4CWdSWda3UVhYXFpeKa6W1tY3NrfM7Z2mjFNBaIPEPBZtH0vKWUQbiilO24mgOPQ5bfmDm9xvPVAhWRzdq2FCvRD3IhYwgpWWOuZe7Qo51jGyPeSqGLkhVn3fz+5GHbNsVawx0Dyxp6QMU9Q75pfbjUka0kgRjqV0bCtRXoaFYoTTUclNJU0wGeAedTSNcEill40TjNChVrooiIV+kUJj9fdGhkMph6GvJ/ML5ayXi/95TqqCSy9jUZIqGpHJR0HKkc6a14G6TFCi+FATTATTtyLSxwITpUsr6RLs2cjzpHlSsc8rZ7en5er1tI4i7MMBHIENF1CFGtShAQQe4Rle4c14Ml6Md+NjMlowpju78AfG5w/PgZU/</latexit>

H : [0, 1] ! R
<latexit sha1_base64="ctZh6+J+fROlB3eqkHTWKRyLPm8=">AAACI3icbVDJSgNBEO2Je9yiHr00BnFEDTPihiAEveSoYKKQCaGnU0ma9Cx01whD8F+8+CtePCjBiwf/xU4c3B80vHqviup6fiyFRsd5tXJj4xOTU9Mz+dm5+YXFwtJyTUeJ4lDlkYzUtc80SBFCFQVKuI4VsMCXcOX3zob+1Q0oLaLwEtMYGgHrhKItOEMjNQvHHkhpp9vU6zL0ANkmPaEV+6vaona681lWNr6sZqHolJwR6F/iZqRIMpw3CwOvFfEkgBC5ZFrXXSfGRp8pFFzCbd5LNMSM91gH6oaGLADd6I9uvKXrRmnRdqTMC5GO1O8TfRZonQa+6QwYdvVvbyj+59UTbB81+iKME4SQfyxqJ5JiRIeB0ZZQwFGmhjCuhPkr5V2mGEcTa96E4P4++S+p7Zbcg9L+xV6xfJrFMU1WyRqxiUsOSZlUyDmpEk7uyAN5Is/WvfVoDayXj9aclc2skB+w3t4BRuehnA==</latexit>

`(y, ⌘̂) = H(⌘̂) + (y � ⌘̂)H 0(⌘̂)



/32Examples | log loss
● Log loss  

●Conditional risk  
❖ Binary cross-entropy 

●Bayes risk  
❖ Shannon entropy 

● Log loss is strictly proper because Shannon entropy is strictly concave

<latexit sha1_base64="n56t5Wl9xWSyF43lohAcPhbkDCs="></latexit>

`(y, ⌘̂) =

(
� ln ⌘̂ if y = 1

� ln(1� ⌘̂) if y = 0
<latexit sha1_base64="gtYSSWPUd5nfBFhMJjrLguU/Lcc=">AAACLHicbZDLSgMxFIYz9VbrrerSTbAIFbTMiLeNUOzGhQsFq4VOKZn0tA3NZIbkjFBKH8iNryKIC4u49TnM1ApaPRD4+M4JyfmDWAqDrjtyMjOzc/ML2cXc0vLK6lp+fePWRInmUOWRjHQtYAakUFBFgRJqsQYWBhLugl4l7d/dgzYiUjfYj6ERso4SbcEZWtXMVy6bPkhZ9AHZHvW7DFPapWd0PwVfqm9H92nRG8tda1P8Hm7mC27JHRf9C94ECmRSV838s9+KeBKCQi6ZMXXPjbExYBoFlzDM+YmBmPEe60DdomIhmMZgvOyQ7ljTou1I26OQju3PGwMWGtMPAzsZMuya6V4q/+vVE2yfNgZCxQmC4l8PtRNJMaJpcrQlNHCUfQuMa2H/SnmXacbR5puzIXjTK/+F24OSd1w6uj4slM8ncWTJFtkmReKRE1ImF+SKVAknD+SJvJKR8+i8OG/O+9doxpnc2SS/yvn4BJoEpWQ=</latexit>

L`(⌘, ⌘̂) = �⌘ ln ⌘̂ � (1� ⌘) ln(1� ⌘̂)

<latexit sha1_base64="GCJbYfx8AvuMLN7raocNXqGb080=">AAACJnicbZDLSgMxFIYz9VbrrerSTbAI7aJlRrxtCkU3LlxUsBfolJJJT9vQTGZIMkIZ+jRufBU3Lioi7nwUM20FbT0Q8vGf85Oc3ws5U9q2P63Uyura+kZ6M7O1vbO7l90/qKsgkhRqNOCBbHpEAWcCapppDs1QAvE9Dg1veJP0G48gFQvEgx6F0PZJX7Aeo0QbqZMtu5Hogkzs8d244wLneRc0KeAyLibgcpFcuIjzzlQoGOUHO9mcXbKnhZfBmUMOzavayU7cbkAjH4SmnCjVcuxQt2MiNaMcxhk3UhASOiR9aBkUxAfVjqdrjvGJUbq4F0hzhMZT9bcjJr5SI98zkz7RA7XYS8T/eq1I967aMRNhpEHQ2UO9iGMd4CQz3GUSqOYjA4RKZv6K6YBIQrVJNmNCcBZXXob6acm5KJ3fn+Uq1/M40ugIHaM8ctAlqqBbVEU1RNETekET9GY9W6/Wu/UxG01Zc88h+lPW1zcD1KOV</latexit>

L`(⌘) = �⌘ ln ⌘ � (1� ⌘) ln(1� ⌘)

14

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="yd5eervTCr5YyYAJ5bRFGLoiVys=">AAACCHicbVDLSgNBEJyN7/iKevTgYBAiaNgVXxdB9OJRwTwgG8LspJMMzs4uM71CWDx68Ve8eFDEq5/gzb9xElfQxIKGmqpupruCWAqDrvvp5CYmp6ZnZufy8wuLS8uFldWqiRLNocIjGel6wAxIoaCCAiXUYw0sDCTUgpvzgV+7BW1EpK6xH0MzZF0lOoIztFKrsOGDlCVvx+8x9AHZNj2hu75UP+9WoeiW3SHoOPEyUiQZLluFD78d8SQEhVwyYxqeG2MzZRoFl3CX9xMDMeM3rAsNSxULwTTT4SF3dMsqbdqJtC2FdKj+nkhZaEw/DGxnyLBnRr2B+J/XSLBz3EyFihMExb8/6iSSYkQHqdC20MBR9i1hXAu7K+U9phlHm13ehuCNnjxOqntl77B8cLVfPD3L4pgl62STlIhHjsgpuSCXpEI4uSeP5Jm8OA/Ok/PqvH235pxsZo38gfP+BY76mHA=</latexit>

`(1, ⌘̂) = � ln ⌘̂
<latexit sha1_base64="lPWf/UC+cH1joQxtxG2DdO8ucTs=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKtsyIr41QdOOygn1Ap5RMemtDM5khuSOU0g9w46+4caGIWz/AnX9j+kC09UDgcM653NwTxFIYdN0vZ25+YXFpObWSXl1b39jMbG1XTJRoDmUeyUjXAmZACgVlFCihFmtgYSChGnSvhn71HrQRkbrFXgyNkN0p0RacoZWamawPUubcQ7/D0AdkB/SC5n2pcl7+R7Ipt+COQGeJNyFZMkGpmfn0WxFPQlDIJTOm7rkxNvpMo+ASBmk/MRAz3mV3ULdUsRBMoz86ZkD3rdKi7Ujbp5CO1N8TfRYa0wsDmwwZdsy0NxT/8+oJts8bfaHiBEHx8aJ2IilGdNgMbQkNHGXPEsa1sH+lvMM042j7S9sSvOmTZ0nlqOCdFk5ujrPFy0kdKbJL9kiOeOSMFMk1KZEy4eSBPJEX8uo8Os/Om/M+js45k5kd8gfOxzdReZlG</latexit>

`(0, ⌘̂) = � ln(1� ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="FdCorwXAMDZlvLK7vAfSvVLC7RA=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahbkoivpZFNy5cVLAPaEKYTG7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TNgttPTBwOOce7twTJIxKZdvfxsLi0vLKammtvL6xubVt7uy2ZJwKAk0Ss1h0AiyBUQ5NRRWDTiIARwGDdjC8zv32AwhJY36vRgl4Ee5z2qMEKy355r6b8hBEHs9ux74LjFVdUPjYNyt2zZ7AmidOQSqoQMM3v9wwJmkEXBGGpew6dqK8DAtFCYNx2U0lJJgMcR+6mnIcgfSyyQVj60grodWLhX5cWRP1dyLDkZSjKNCTEVYDOevl4n9eN1W9Sy+jPEkVcDJd1EuZpWIrr8MKqQCi2EgTTATVf7XIAAtMlC6trEtwZk+eJ62TmnNeO7s7rdSvijpK6AAdoipy0AWqoxvUQE1E0CN6Rq/ozXgyXox342M6umAUmT30B8bnD3xQluo=</latexit>

L`(⌘)



/32Examples | L2 loss
● L2 loss  

●Conditional risk  

●Bayes risk  
❖ Gini index 

● L2 loss is strictly proper because Gini index is strictly concave

<latexit sha1_base64="EklcJ3zLaTwusjhoVkSyPbMeTUA="></latexit>

`(y, ⌘̂) =

(
(1� ⌘̂)2 if y = 1

⌘̂2 if y = 0
<latexit sha1_base64="LJKAmqiFe9JjugaB7fO6sddNAG0=">AAACKHicbZBLSwMxEMez9V1fVY9egkWoqGW3+LqIRS8ePCjYKnRryaazbTD7IJkVSunH8eJX8SKiiFc/idm2iloHQv75zQyT+XuxFBpt+93KjI1PTE5Nz2Rn5+YXFnNLy1UdJYpDhUcyUtce0yBFCBUUKOE6VsACT8KVd3uS5q/uQGkRhZfYiaEesFYofMEZGtTIHZ01XJCy4AKyLbfNMBUb9JCmd8HZ/kY3JbpJU5A+vuhNqZHL20W7H3RUOEORJ8M4b+Se3WbEkwBC5JJpXXPsGOtdplBwCb2sm2iIGb9lLagZGbIAdL3bX7RH1w1pUj9S5oRI+/RnR5cFWncCz1QGDNv6by6F/+VqCfoH9a4I4wQh5INBfiIpRjR1jTaFAo6yYwTjSpi/Ut5minE03maNCc7flUdFtVR09oq7Fzv58vHQjmmyStZIgThkn5TJKTknFcLJPXkkL+TVerCerDfrfVCasYY9K+RXWB+fOQWjoQ==</latexit>

L`(⌘, ⌘̂) = ⌘(1� ⌘̂)2 + (1� ⌘)⌘̂2

<latexit sha1_base64="1p/50lit3V/fYw0xE/IUQI+UaSk=">AAACEHicbVC7TsMwFHXKq5RXgZHFokKUgSpBvBakChYGhiLRh9RElePetlYdJ7IdpCrqJ7DwKywMIMTKyMbf4LQZoHAky8fn3qPre/yIM6Vt+8vKzc0vLC7llwsrq2vrG8XNrYYKY0mhTkMeypZPFHAmoK6Z5tCKJJDA59D0h1dpvXkPUrFQ3OlRBF5A+oL1GCXaSJ3ivhuLLsjUntyMOy5wXnZBkwN8gdO77BxOnp1iya7YE+C/xMlICWWodYqfbjekcQBCU06Uajt2pL2ESM0oh3HBjRVEhA5JH9qGChKA8pLJQmO8Z5Qu7oXSHKHxRP3pSEig1CjwTWdA9EDN1lLxv1o71r1zL2EiijUIOh3UiznWIU7TwV0mgWo+MoRQycxfMR0QSag2GRZMCM7syn9J46jinFZObo9L1cssjjzaQbuojBx0hqroGtVQHVH0gJ7QC3q1Hq1n6816n7bmrMyzjX7B+vgG6FWb2A==</latexit>

L`(⌘) = ⌘(1� ⌘)

15

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="gUyWR58ir5rCKY0nYbn1Kg+g0zA=">AAACCnicbVDJSgNBEO2JW4xb1KOX1iBE0DAT3C5C0IvHCGaBTAw9nUrSpGehu0YIIWcv/ooXD4p49Qu8+Td2FkQTHxS8fq+KrnpeJIVG2/6yEnPzC4tLyeXUyura+kZ6c6usw1hxKPFQhqrqMQ1SBFBCgRKqkQLmexIqXvdq6FfuQWkRBrfYi6Dus3YgWoIzNFIjveuClFnn0O0wdAHZAb2gWefo53mXb6Qzds4egc4SZ0IyZIJiI/3pNkMe+xAgl0zrmmNHWO8zhYJLGKTcWEPEeJe1oWZowHzQ9f7olAHdN0qTtkJlKkA6Un9P9Jmvdc/3TKfPsKOnvaH4n1eLsXVe74sgihECPv6oFUuKIR3mQptCAUfZM4RxJcyulHeYYhxNeikTgjN98iwp53POae7k5jhTuJzEkSQ7ZI9kiUPOSIFckyIpEU4eyBN5Ia/Wo/VsvVnv49aENZnZJn9gfXwDso2YYA==</latexit>

`(1, ⌘̂) = (1� ⌘̂)2

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="jhj4iZddc4aY74jb51Lk4JYEsYI=">AAACBnicbZDJSgNBEIZ74hbjNupRhMYgRJAwE9wuQtCLxwhmgUwMPZ1K0qRnobtGCCEnL76KFw+KePUZvPk2dhZBoz80fPxVRXX9fiyFRsf5tFJz8wuLS+nlzMrq2vqGvblV0VGiOJR5JCNV85kGKUIoo0AJtVgBC3wJVb93OapX70BpEYU32I+hEbBOKNqCMzRW0971QMqcc+h1GXqA7ICe02++LTTtrJN3xqJ/wZ1ClkxVatofXiviSQAhcsm0rrtOjI0BUyi4hGHGSzTEjPdYB+oGQxaAbgzGZwzpvnFatB0p80KkY/fnxIAFWvcD33QGDLt6tjYy/6vVE2yfNQYijBOEkE8WtRNJMaKjTGhLKOAo+wYYV8L8lfIuU4yjSS5jQnBnT/4LlULePckfXx9lixfTONJkh+yRHHHJKSmSK1IiZcLJPXkkz+TFerCerFfrbdKasqYz2+SXrPcv8RCXiA==</latexit>

`(0, ⌘̂) = ⌘̂2

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="FdCorwXAMDZlvLK7vAfSvVLC7RA=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahbkoivpZFNy5cVLAPaEKYTG7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TNgttPTBwOOce7twTJIxKZdvfxsLi0vLKammtvL6xubVt7uy2ZJwKAk0Ss1h0AiyBUQ5NRRWDTiIARwGDdjC8zv32AwhJY36vRgl4Ee5z2qMEKy355r6b8hBEHs9ux74LjFVdUPjYNyt2zZ7AmidOQSqoQMM3v9wwJmkEXBGGpew6dqK8DAtFCYNx2U0lJJgMcR+6mnIcgfSyyQVj60grodWLhX5cWRP1dyLDkZSjKNCTEVYDOevl4n9eN1W9Sy+jPEkVcDJd1EuZpWIrr8MKqQCi2EgTTATVf7XIAAtMlC6trEtwZk+eJ62TmnNeO7s7rdSvijpK6AAdoipy0AWqoxvUQE1E0CN6Rq/ozXgyXox342M6umAUmT30B8bnD3xQluo=</latexit>

L`(⌘)



/32Examples | L1 loss
● L1 loss  

●Conditional risk  
●Bayes risk  
● L1 loss is not strictly proper nor proper

<latexit sha1_base64="6IxLTRazPzuu+az6XmY/vied0dU="></latexit>

`(y, ⌘̂) =

(
1� ⌘̂ if y = 1

⌘̂ if y = 0
<latexit sha1_base64="KNsFP6QSPzVg3RDdEBfJ8+XulAQ=">AAACJHicbZBLSwMxEMezvq2vVY9egkWoqGVXfIEIRS8ePFSwKnSXkk2nbWj2QTIrlOKH8eJX8eLBBx68+FnM1hWfAyG//GeGyfyDRAqNjvNqDQ2PjI6NT0wWpqZnZufs+YVzHaeKQ43HMlaXAdMgRQQ1FCjhMlHAwkDCRdA9yvIXV6C0iKMz7CXgh6wdiZbgDI3UsPdPGh5IWfIA2brXYZjBKj2g2V1yN76kNZo9M/zUGnbRKTuDoH/BzaFI8qg27CevGfM0hAi5ZFrXXSdBv88UCi7huuClGhLGu6wNdYMRC0H7/cGS13TFKE3aipU5EdKB+r2jz0Kte2FgKkOGHf07l4n/5eoptvb8voiSFCHiH4NaqaQY08wx2hQKOMqeAcaVMH+lvMMU42h8LRgT3N8r/4XzzbK7U94+3SpWDnM7JsgSWSYl4pJdUiHHpEpqhJMbckceyKN1a91bz9bLR+mQlfcskh9hvb0DoEqiWQ==</latexit>

L`(⌘, ⌘̂) = ⌘(1� ⌘̂) + (1� ⌘)⌘̂

<latexit sha1_base64="/vNLEmDdLPN2CpEY/GvcWMEE8H8=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKWmfE10YounHhooJ9QKeUTHrbhmYyQ5IRyzCf4cZfceNCEbfd+Tdm2i609UDIybn3cHOPF3KmtG1/W3PzC4tLy5mV7Ora+sZmbmu7qoJIUqjQgAey7hEFnAmoaKY51EMJxPc41Lz+TVqvPYJULBAPehBC0yddwTqMEm2kVu7YjUQbZGqP75KWC5wXXNDkAF9h1ydPbpy+DrFzlN5u0srl7aI9Ap4lzoTk0QTlVm7otgMa+SA05USphmOHuhkTqRnlkGTdSEFIaJ90oWGoID6oZjxaLMH7RmnjTiDNERqP1N+OmPhKDXzPdPpE99R0LRX/qzUi3blsxkyEkQZBx4M6Ecc6wGlKuM0kUM0HhhAqmfkrpj0iCdUmy6wJwZleeZZUT4rOefHs/jRfup7EkUG7aA8VkIMuUAndojKqIIqe0St6Rx/Wi/VmfVpf49Y5a+LZQX9gDX8Aka+fdQ==</latexit>

L`(⌘) = max{⌘, 1� ⌘}

16

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="vKcBEVQEyhH8QIuf89VCLWCchtc=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoMQQcOMuF2EoBePEcwCmRB6OpWkSc9Cd40QQm5e/BUvHhTx6i9482/sLIImPih4/V4VXfX8WAqNjvNlpebmFxaX0suZldW19Q17c6uso0RxKPFIRqrqMw1ShFBCgRKqsQIW+BIqfvd66FfuQWkRhXfYi6EesHYoWoIzNFLD3vVAypx7SL0OQw+QHdBL6h79vBp21sk7I9BZ4k5IlkxQbNifXjPiSQAhcsm0rrlOjPU+Uyi4hEHGSzTEjHdZG2qGhiwAXe+P7hjQfaM0aStSpkKkI/X3RJ8FWvcC33QGDDt62huK/3m1BFsX9b4I4wQh5OOPWomkGNFhKLQpFHCUPUMYV8LsSnmHKcbRRJcxIbjTJ8+S8nHePcuf3p5kC1eTONJkh+yRHHHJOSmQG1IkJcLJA3kiL+TVerSerTfrfdyasiYz2+QPrI9v/eGXgQ==</latexit>

`(1, ⌘̂) = 1� ⌘̂

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="w+Zvn8sQMeh55ocoSob3rqsxmNc=">AAACBXicbZDJSgNBEIZ74hbjFvWoh8YgRJAwI24XIejFYwSzQGYIPZ1K0qRnobtGCCEXL76KFw+KePUdvPk2dpJBNPpDw8dfVVTX78dSaLTtTyszN7+wuJRdzq2srq1v5De3ajpKFIcqj2SkGj7TIEUIVRQooRErYIEvoe73r8b1+h0oLaLwFgcxeAHrhqIjOENjtfK7LkhZtA+p22PoArIDevHNrXzBLtkT0b/gpFAgqSqt/IfbjngSQIhcMq2bjh2jN2QKBZcwyrmJhpjxPutC02DIAtDecHLFiO4bp007kTIvRDpxf04MWaD1IPBNZ8Cwp2drY/O/WjPBzrk3FGGcIIR8uqiTSIoRHUdC20IBRzkwwLgS5q+U95hiHE1wOROCM3vyX6gdlZzT0snNcaF8mcaRJTtkjxSJQ85ImVyTCqkSTu7JI3kmL9aD9WS9Wm/T1oyVzmyTX7LevwAUFJcO</latexit>

`(0, ⌘̂) = ⌘̂

Theorem.  is proper iff  is concave and . 

Theorem.  is strictly proper iff  is strictly concave.

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`

<latexit sha1_base64="ZiRQEUEMrL4b6A2RgZtYQ44S6c4="></latexit>

L(⌘, ⌘̂) = L`(⌘̂) + (⌘ � ⌘̂)L0
`(⌘̂)

<latexit sha1_base64="BVg8SvVuoaLG/P79G0DbEIHYeeY=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmb6mLa7ohuXFewD2qFk0kwbmmSGJCOUob/gxoUibv0hd/6NmbaCih64cDjnXu69J4gZVdpxPqzcxubW9k5+t7C3f3B4VDw+6aookZh0cMQi2Q+QIowK0tFUM9KPJUE8YKQXzK4zv3dPpKKRuNPzmPgcTQQNKUY6k4aEsVGx5NiOV25Wm9Cx3XqlUXENqZRrTc+Dru0sUQJrtEfF9+E4wgknQmOGlBq4Tqz9FElNMSOLwjBRJEZ4hiZkYKhAnCg/Xd66gBdGGcMwkqaEhkv1+0SKuFJzHphOjvRU/fYy8S9vkOiw4adUxIkmAq8WhQmDOoLZ43BMJcGazQ1BWFJzK8RTJBHWJp6CCeHrU/g/6ZZt17Nrt9VS62odRx6cgXNwCVxQBy1wA9qgAzCYggfwBJ4tbj1aL9brqjVnrWdOwQ9Yb5+KDI6Z</latexit>

`
<latexit sha1_base64="5fdSNsdUnO/e17Kq9oSxD/lWNuk=">AAAB+3icdVDLSgMxFM34rPVV69JNsAiuhpk+pu2u6MaFiwr2AW0pmfS2Dc1khiQjlqG/4saFIm79EXf+jelDUNEDgcM593Bvjh9xprTjfFhr6xubW9upnfTu3v7BYeYo21RhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+5HLut+5AKhaKWz2NoBeQkWBDRok2Uj+T7cZiAHIeT65n/S5w3s/kHNvx8tViFTu2Wy5UCq4hhXyp6nnYtZ0FcmiFej/z3h2ENA5AaMqJUh3XiXQvIVIzymGW7sYKIkInZAQdQwUJQPWSxe0zfGaUAR6G0jyh8UL9nkhIoNQ08M1kQPRY/fbm4l9eJ9bDSi9hIoo1CLpcNIw51iGeF4EHTALVfGoIoZKZWzEdE0moNnWlTQlfP8X/k2bedj27dFPM1S5WdaTQCTpF58hFZVRDV6iOGoiie/SAntCzNbMerRfrdTm6Zq0yx+gHrLdPA42VGw==</latexit>

L`

(  is not strictly concave)
<latexit sha1_base64="FdCorwXAMDZlvLK7vAfSvVLC7RA=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahbkoivpZFNy5cVLAPaEKYTG7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TNgttPTBwOOce7twTJIxKZdvfxsLi0vLKammtvL6xubVt7uy2ZJwKAk0Ss1h0AiyBUQ5NRRWDTiIARwGDdjC8zv32AwhJY36vRgl4Ee5z2qMEKy355r6b8hBEHs9ux74LjFVdUPjYNyt2zZ7AmidOQSqoQMM3v9wwJmkEXBGGpew6dqK8DAtFCYNx2U0lJJgMcR+6mnIcgfSyyQVj60grodWLhX5cWRP1dyLDkZSjKNCTEVYDOevl4n9eN1W9Sy+jPEkVcDJd1EuZpWIrr8MKqQCi2EgTTATVf7XIAAtMlC6trEtwZk+eJ62TmnNeO7s7rdSvijpK6AAdoipy0AWqoxvUQE1E0CN6Rq/ozXgyXox342M6umAUmT30B8bnD3xQluo=</latexit>

L`(⌘)

<latexit sha1_base64="rDbsgy1JQk13Hyp+uccZaJdr4/Q="></latexit>

L(⌘, ⌘̂) 6= L`(⌘̂) + (⌘ � ⌘̂)L0
`(⌘̂) =

(
⌘ if ⌘̂ 2 [0, 1

2 ]

1� ⌘ if ⌘̂ 2 ( 12 , 1]

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1

<latexit sha1_base64="FdCorwXAMDZlvLK7vAfSvVLC7RA=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahbkoivpZFNy5cVLAPaEKYTG7boZNJmJkIJdSNv+LGhSJu/Qt3/o2TNgttPTBwOOce7twTJIxKZdvfxsLi0vLKammtvL6xubVt7uy2ZJwKAk0Ss1h0AiyBUQ5NRRWDTiIARwGDdjC8zv32AwhJY36vRgl4Ee5z2qMEKy355r6b8hBEHs9ux74LjFVdUPjYNyt2zZ7AmidOQSqoQMM3v9wwJmkEXBGGpew6dqK8DAtFCYNx2U0lJJgMcR+6mnIcgfSyyQVj60grodWLhX5cWRP1dyLDkZSjKNCTEVYDOevl4n9eN1W9Sy+jPEkVcDJd1EuZpWIrr8MKqQCi2EgTTATVf7XIAAtMlC6trEtwZk+eJ62TmnNeO7s7rdSvijpK6AAdoipy0AWqoxvUQE1E0CN6Rq/ozXgyXox342M6umAUmT30B8bnD3xQluo=</latexit>

L`(⌘)



/32Outline
●Q. How should we assess probability estimates? 

❖ Proper losses 

●Q. How can estimated probabilities be used for other tasks? 
❖ Regret bounds 

●Q. How to compare different loss functions? 
❖ Order function of moduli

17

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)

Proper Losses, Moduli of Convexity, 
and Surrogate Regret Bounds



/32Proper loss vs. downstream tasks?
● Formulation of probability estimation:  

❖ We focus on “pointwise” problem 
 

❖ Equivalent to minimizing regret  

●Q. How much does estimated  perform well for downstream tasks? 
❖ Classification 

 
❖ Ranking 

<latexit sha1_base64="dRCsWZgcQCEHmZ9JaywG2RF9DAY="></latexit>

min
⌘̂:X![0,1]

EX

⇥
L`(⌘(X), ⌘̂(X))

⇤

<latexit sha1_base64="q8+4WnZjOE/43At5S0xrKXB3Fhw=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1ChlBnxtSy6ceFCwbZCZxgy6a0NZjJDckcoQ7/Djb/ixoUi7sSNf2P6ENR6IHA451xu7olSKQy67qczNT0zOze/sFhYWl5ZXSuubzRMkmkOdZ7IRF9HzIAUCuooUMJ1qoHFkYRmdHs68Jt3oI1I1BX2UghidqNER3CGVgqLnh8LFeZ+l6EPyKgvFG25FeoFfXoe+iBleaBX6HdiNyyW3Ko7BJ0k3piUyBgXYfHdbyc8i0Ehl8yYluemGORMo+AS+gU/M5AyfstuoGWpYjGYIB+e1qc7VmnTTqLtU0iH6s+JnMXG9OLIJmOGXfPXG4j/ea0MO8dBLlSaISg+WtTJJMWEDnqibaGBo+xZwrgW9q+Ud5lmHG2bBVuC9/fkSdLYq3qH1YPL/VLtZFzHAtki26RMPHJEauSMXJA64eSePJJn8uI8OE/Oq/M2ik4545lN8gvOxxeqw59j</latexit>

min
⌘̂2[0,1]

L`(⌘, ⌘̂)

<latexit sha1_base64="WfFiLfi91cShLKRLq98WdzZw5WM=">AAACM3icbVDLSgMxFM34rPVVdekmWAQFLTPiayOIbkRcqFhb6JSSSW/b0ExmSO4IZeg/ufFHXAjiQhG3/oOZWvB5IHA451xu7gliKQy67qMzMjo2PjGZm8pPz8zOzRcWFq9NlGgOZR7JSFcDZkAKBWUUKKEaa2BhIKESdI8zv3ID2ohIXWEvhnrI2kq0BGdopUbh9LLhg5RrPiDboH6HYcbW6QE9+9/YpH6imqCzhelZ/yu03igU3ZI7AP1LvCEpkiHOG4V7vxnxJASFXDJjap4bYz1lGgWX0M/7iYGY8S5rQ81SxUIw9XRwc5+uWqVJW5G2TyEdqN8nUhYa0wsDmwwZdsxvLxP/82oJtvbrqVBxgqD456JWIilGNCuQNoUGjrJnCeNa2L9S3mGacbQ1520J3u+T/5LrrZK3W9q52C4eHg3ryJFlskLWiEf2yCE5IeekTDi5JQ/kmbw4d86T8+q8fUZHnOHMEvkB5/0DiLCpGg==</latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

Y = 1 Y = 0

<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

Y = 1 Y = 0
<latexit sha1_base64="hwyELtjud4K+w3VmStBohF006Y4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFYwttKJvtpl262Q27E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88GpVpygKqhNLtiBgmuGQBchSsnWpGkkiwVjS6nfqtJ6YNV/IBxykLEzKQPOaUoJWCLldIetWaV/dmcJeJX5AaFGj2ql/dvqJZwiRSQYzp+F6KYU40cirYpNLNDEsJHZEB61gqScJMmM+OnbgnVum7sdK2JLoz9fdEThJjxklkOxOCQ7PoTcX/vE6G8XWYc5lmyCSdL4oz4aJyp5+7fa4ZRTG2hFDN7a0uHRJNKNp8KjYEf/HlZfJ4Vvcv6xf357XGTRFHGY7gGE7BhytowB00IQAKHJ7hFd4c6bw4787HvLXkFDOH8AfO5w/hA46/</latexit>◆

<latexit sha1_base64="H8ky4Xfa5J05Hz3tr65IzG7FwDI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahp7IrVj0WvXisYD+gXUo2zW5js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3878zhNVmknxYCYJ9WMcCRYygo2V2v2ARVF1UK64NXcOtEq8nFQgR3NQ/uoPJUljKgzhWOue5ybGz7AyjHA6LfVTTRNMxjiiPUsFjqn2s/m1U3RmlSEKpbIlDJqrvycyHGs9iQPbGWMz0sveTPzP66UmvPYzJpLUUEEWi8KUIyPR7HU0ZIoSwyeWYKKYvRWREVaYGBtQyYbgLb+8StrnNe+yVr+/qDRu8jiKcAKnUAUPrqABd9CEFhB4hGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMmFY7d</latexit>✓ <latexit sha1_base64="HuCV7eHxnhdSwP9KsogVqFlsrIg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7Ar8XEMevEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OoFLIrO+uWKW3VnQMvEy0kFcjT65a/eQJI0psIQjrXuem5i/Awrwwink1Iv1TTBZIQj2rVU4JhqP5tdO0EnVhmgUCpbwqCZ+nsiw7HW4ziwnTE2Q73oTcX/vG5qwms/YyJJDRVkvihMOTISTV9HA6YoMXxsCSaK2VsRGWKFibEBlWwI3uLLy6R1XvUuqxf3tUr9Jo+jCEdwDKfgwRXU4Q4a0AQCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AJ5mO3g==</latexit>◆

Y = 1 Y = 0

<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂

18

<latexit sha1_base64="JurxQUVD1YBkEGrXyH3yechgoRM=">AAACD3icbVDLSsNAFJ3UV62vqks3g0WpC0tSfC2LblxWsA9oSplMJ+3QySTM3Agl5A/c+CtuXCji1q07/8ZJ24W2HrhwOOde7r3HiwTXYNvfVm5peWV1Lb9e2Njc2t4p7u41dRgryho0FKFqe0QzwSVrAAfB2pFiJPAEa3mjm8xvPTCleSjvYRyxbkAGkvucEjBSr3jsBgSGKkg0H8i07A4JuAwIPsUu+IrQxEmTanrSK5bsij0BXiTOjJTQDPVe8cvthzQOmAQqiNYdx46gmxAFnAqWFtxYs4jQERmwjqGSBEx3k8k/KT4ySh/7oTIlAU/U3xMJCbQeB57pzK7X814m/ud1YvCvugmXUQxM0ukiPxYYQpyFg/tcMQpibAihiptbMR0SEwOYCAsmBGf+5UXSrFaci8r53Vmpdj2LI48O0CEqIwddohq6RXXUQBQ9omf0it6sJ+vFerc+pq05azazj/7A+vwBq+Gcaw==</latexit>

sign(⌘̂ � 1
2 )

<latexit sha1_base64="uN5X9zm4Q16O7hicWFTj39gTK+Y=">AAAB+HicbVBNS8NAEN34WetHox69BItQLyURv45FLx4r2A9oQplsN+3STTbsToRa+ku8eFDEqz/Fm//GbZuDtj4YeLw3w8y8MBVco+t+Wyura+sbm4Wt4vbO7l7J3j9oapkpyhpUCqnaIWgmeMIayFGwdqoYxKFgrXB4O/Vbj0xpLpMHHKUsiKGf8IhTQCN17ZLPJULFHwD6DOG0a5fdqjuDs0y8nJRJjnrX/vJ7kmYxS5AK0LrjuSkGY1DIqWCTop9plgIdQp91DE0gZjoYzw6fOCdG6TmRVKYSdGbq74kxxFqP4tB0xoADvehNxf+8TobRdTDmSZohS+h8UZQJB6UzTcHpccUoipEhQBU3tzp0AAoomqyKJgRv8eVl0jyrepfVi/vzcu0mj6NAjsgxqRCPXJEauSN10iCUZOSZvJI368l6sd6tj3nripXPHJI/sD5/ADyuktQ=</latexit>

◆(⌘̂)

Q. How good are 
the plug-in estimators?



/32How to relate a proper loss with downstream tasks?

 
●Why? Because the optimality of downstream tasks can be bounded by 

Out attempt: to derive L1 regret bound 
 for regret 

<latexit sha1_base64="VdcZHwq681Xz/PI35Hbacj4V46M="></latexit>

|⌘ � ⌘̂|   (R`(⌘, ⌘̂))
<latexit sha1_base64="RixgQ7/FTk0sZJ8fN0sutaTDOAw="></latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)

<latexit sha1_base64="4z4Ao4Jg/bi0J8IovVl7AkArjZI=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEk4m1ZdOOygr1AE8pkOmmHTiZh5kQpbR/FjQtF3Pok7nwbJ20W2vrDwMd/zuGc+YNEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDG+zeuuRKc1j+QCjhPkR6UseckrAWF27PPEYEHyKvQGBDCddu+JUnZnwMrg5VFCuetf+8noxTSMmgQqidcd1EvDHRAGngk1LXqpZQuiQ9FnHoCQR0/54dvoUHxunh8NYmScBz9zfE2MSaT2KAtMZERjoxVpm/lfrpBBe+2MukxSYpPNFYSowxDjLAfe4YhTEyAChiptbMR0QRSiYtEomBHfxy8vQPKu6l9WL+/NK7SaPo4gO0RE6QS66QjV0h+qogSh6Qs/oFb1ZE+vFerc+5q0FK585QH9kff4Agp6TiQ==</latexit>

|⌘ � ⌘̂|

19



/32How to relate a proper loss with downstream tasks?

 
●Why? Because the optimality of downstream tasks can be bounded by 

Out attempt: to derive L1 regret bound 
 for regret 

<latexit sha1_base64="VdcZHwq681Xz/PI35Hbacj4V46M="></latexit>

|⌘ � ⌘̂|   (R`(⌘, ⌘̂))
<latexit sha1_base64="RixgQ7/FTk0sZJ8fN0sutaTDOAw="></latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)

<latexit sha1_base64="4z4Ao4Jg/bi0J8IovVl7AkArjZI=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEk4m1ZdOOygr1AE8pkOmmHTiZh5kQpbR/FjQtF3Pok7nwbJ20W2vrDwMd/zuGc+YNEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDG+zeuuRKc1j+QCjhPkR6UseckrAWF27PPEYEHyKvQGBDCddu+JUnZnwMrg5VFCuetf+8noxTSMmgQqidcd1EvDHRAGngk1LXqpZQuiQ9FnHoCQR0/54dvoUHxunh8NYmScBz9zfE2MSaT2KAtMZERjoxVpm/lfrpBBe+2MukxSYpPNFYSowxDjLAfe4YhTEyAChiptbMR0QRSiYtEomBHfxy8vQPKu6l9WL+/NK7SaPo4gO0RE6QS66QjV0h+qogSh6Qs/oFb1ZE+vFerc+5q0FK585QH9kff4Agp6TiQ==</latexit>

|⌘ � ⌘̂|

19

Menon, Aditya Krishna, et al. On the statistical consistency of algorithms for binary classification under class imbalance. ICML (2013).

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

Not penalized Penalized

● Classification    [Menon et al., 2013]
<latexit sha1_base64="7flwC6jUVqqoBrCkWX4sNJrMYQY="></latexit>

R01(⌘, ⌘̂) =
��⌘ � 1

2

��⇥⇥min{⌘, ⌘̂}  1
2 < max{⌘, ⌘̂}

⇤⇤
 |⌘ � ⌘̂|



/32How to relate a proper loss with downstream tasks?

 
●Why? Because the optimality of downstream tasks can be bounded by 

Out attempt: to derive L1 regret bound 
 for regret 

<latexit sha1_base64="VdcZHwq681Xz/PI35Hbacj4V46M="></latexit>

|⌘ � ⌘̂|   (R`(⌘, ⌘̂))
<latexit sha1_base64="RixgQ7/FTk0sZJ8fN0sutaTDOAw="></latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)

<latexit sha1_base64="4z4Ao4Jg/bi0J8IovVl7AkArjZI=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEk4m1ZdOOygr1AE8pkOmmHTiZh5kQpbR/FjQtF3Pok7nwbJ20W2vrDwMd/zuGc+YNEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDG+zeuuRKc1j+QCjhPkR6UseckrAWF27PPEYEHyKvQGBDCddu+JUnZnwMrg5VFCuetf+8noxTSMmgQqidcd1EvDHRAGngk1LXqpZQuiQ9FnHoCQR0/54dvoUHxunh8NYmScBz9zfE2MSaT2KAtMZERjoxVpm/lfrpBBe+2MukxSYpPNFYSowxDjLAfe4YhTEyAChiptbMR0QRSiYtEomBHfxy8vQPKu6l9WL+/NK7SaPo4gO0RE6QS66QjV0h+qogSh6Qs/oFb1ZE+vFerc+5q0FK585QH9kff4Agp6TiQ==</latexit>

|⌘ � ⌘̂|

19

Menon, Aditya Krishna, et al. On the statistical consistency of algorithms for binary classification under class imbalance. ICML (2013).

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

Not penalized Penalized

● Classification    [Menon et al., 2013]
<latexit sha1_base64="7flwC6jUVqqoBrCkWX4sNJrMYQY="></latexit>

R01(⌘, ⌘̂) =
��⌘ � 1

2

��⇥⇥min{⌘, ⌘̂}  1
2 < max{⌘, ⌘̂}

⇤⇤
 |⌘ � ⌘̂|

Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014): 1653-1674.

<latexit sha1_base64="lsOQWYzsC29LwujZy9SWQR3udwM=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5oHZJcxOOsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rCbQRsXrAcQJBxAZK9AVnaKVHf8jQB2Rdr1uuuFV3BrpMvJxUSI56t/zl92KeRqCQS2ZMx3MTDDKmUXAJk5KfGkgYH7EBdCxVLAITZLOLJ/TEKj3aj7UthXSm/p7IWGTMOAptZ8RwaBa9qfif10mxfx1kQiUpguLzRf1UUozp9H3aExo4yrEljGthb6V8yDTjaEMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iOSLH5JR45IrUyB2pkwbhRJFn8kreHOO8OO/Ox7y14OQzh+QPnM8fP4KQpw==</latexit>

⌘̂1
<latexit sha1_base64="GrrjnJlcVQuhvVRifMtvynDS0go=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xj04jGCeWB2Cb2T2WTI7Owy0yuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3QzBcCsUbKFDydqo5xKHkrXB4O/VbT1wbkagHHKU8iKGvRCQYoJUe/QGgzxG61W6p7FbcGegy8XJSJjnq3dKX30tYFnOFTIIxHc9NMRiDRsEknxT9zPAU2BD6vGOpgpibYDy7eEJPrdKjUaJtKaQz9ffEGGJjRnFoO2PAgVn0puJ/XifD6DoYC5VmyBWbL4oySTGh0/dpT2jOUI4sAaaFvZWyAWhgaEMq2hC8xZeXSbNa8S4rF/fn5dpNHkeBHJMTckY8ckVq5I7USYMwosgzeSVvjnFenHfnY9664uQzR+QPnM8fQQaQqA==</latexit>

⌘̂2

<latexit sha1_base64="yiFmPpuY1CLtmu2X/+KE0A9V1vQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJmdnaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2eVIe9VeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns2sn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+5lQSYpcsfmiMJUEYzJ9nfSF5gzl2BLKtLC3EjakmjK0ARVtCN7iy8ukWa14l5WL+/Ny7SaPowDHcAJn4MEV1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8ATVWjuc=</latexit>⌘2
<latexit sha1_base64="8W/w2LAruo9O2oSQgLzjGHhUh/M=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6VmFw3p+b1yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8ATPSjuY=</latexit>⌘1

<latexit sha1_base64="lsOQWYzsC29LwujZy9SWQR3udwM=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5oHZJcxOOsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rCbQRsXrAcQJBxAZK9AVnaKVHf8jQB2Rdr1uuuFV3BrpMvJxUSI56t/zl92KeRqCQS2ZMx3MTDDKmUXAJk5KfGkgYH7EBdCxVLAITZLOLJ/TEKj3aj7UthXSm/p7IWGTMOAptZ8RwaBa9qfif10mxfx1kQiUpguLzRf1UUozp9H3aExo4yrEljGthb6V8yDTjaEMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iOSLH5JR45IrUyB2pkwbhRJFn8kreHOO8OO/Ox7y14OQzh+QPnM8fP4KQpw==</latexit>

⌘̂1
<latexit sha1_base64="GrrjnJlcVQuhvVRifMtvynDS0go=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xj04jGCeWB2Cb2T2WTI7Owy0yuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3QzBcCsUbKFDydqo5xKHkrXB4O/VbT1wbkagHHKU8iKGvRCQYoJUe/QGgzxG61W6p7FbcGegy8XJSJjnq3dKX30tYFnOFTIIxHc9NMRiDRsEknxT9zPAU2BD6vGOpgpibYDy7eEJPrdKjUaJtKaQz9ffEGGJjRnFoO2PAgVn0puJ/XifD6DoYC5VmyBWbL4oySTGh0/dpT2jOUI4sAaaFvZWyAWhgaEMq2hC8xZeXSbNa8S4rF/fn5dpNHkeBHJMTckY8ckVq5I7USYMwosgzeSVvjnFenHfnY9664uQzR+QPnM8fQQaQqA==</latexit>

⌘̂2

<latexit sha1_base64="yiFmPpuY1CLtmu2X/+KE0A9V1vQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJmdnaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2eVIe9VeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns2sn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+5lQSYpcsfmiMJUEYzJ9nfSF5gzl2BLKtLC3EjakmjK0ARVtCN7iy8ukWa14l5WL+/Ny7SaPowDHcAJn4MEV1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8ATVWjuc=</latexit>⌘2
<latexit sha1_base64="8W/w2LAruo9O2oSQgLzjGHhUh/M=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6VmFw3p+b1yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8ATPSjuY=</latexit>⌘1

Not penalized Penalized

● Ranking     [Agarwal 2014]<latexit sha1_base64="rdsI5D42QlFMdx7JE2EgB5zmlMs="></latexit>

Rrank(⌘1, ⌘2, ⌘̂1, ⌘̂2) = |⌘1 � ⌘2|[[(⌘̂1 � ⌘̂2)(⌘1 � ⌘2) < 0]]  |⌘1 � ⌘̂1|+ |⌘2 � ⌘̂2|



/32Motivation of our work

 
● Regret bound reads: 
minimizing regret  amounts to be optimizing downstream performance via  

● Motivation 1: to avoid deriving regret bounds for each task independently 
●Motivation 2: to get more insight into relationship between a proper loss and  
● Consequently, we ask 

❖ Any loss performs universally well for various tasks? 
❖ Which loss entails faster rate?

Out attempt: to derive L1 regret bound 
 for regret 

<latexit sha1_base64="VdcZHwq681Xz/PI35Hbacj4V46M="></latexit>

|⌘ � ⌘̂|   (R`(⌘, ⌘̂))
<latexit sha1_base64="RixgQ7/FTk0sZJ8fN0sutaTDOAw="></latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)

<latexit sha1_base64="Eg9zV/EZDDGKl3yN3bbW7+FyoMs=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RjFPCBZwuykNxkzO7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHeFCWfaeN63s7S8srq2Xtgobm5t7+yW9vYbWqaKYp1KLlUrJBo5E1g3zHBsJQpJHHJshsObid98QqWZFA9mlGAQk75gEaPEWKlx3+0g591S2at4U7iLxM9JGXLUuqWvTk/SNEZhKCdat30vMUFGlGGU47jYSTUmhA5JH9uWChKjDrLptWP32Co9N5LKljDuVP09kZFY61Ec2s6YmIGe9ybif147NdFVkDGRpAYFnS2KUu4a6U5ed3tMITV8ZAmhitlbXTogilBjAyraEPz5lxdJ47TiX1TO787K1es8jgIcwhGcgA+XUIVbqEEdKDzCM7zCmyOdF+fd+Zi1Ljn5zAH8gfP5A2nljwo=</latexit>

R`

<latexit sha1_base64="4z4Ao4Jg/bi0J8IovVl7AkArjZI=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuLEk4m1ZdOOygr1AE8pkOmmHTiZh5kQpbR/FjQtF3Pok7nwbJ20W2vrDwMd/zuGc+YNEcA2O820VVlbX1jeKm6Wt7Z3dPbu839Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDG+zeuuRKc1j+QCjhPkR6UseckrAWF27PPEYEHyKvQGBDCddu+JUnZnwMrg5VFCuetf+8noxTSMmgQqidcd1EvDHRAGngk1LXqpZQuiQ9FnHoCQR0/54dvoUHxunh8NYmScBz9zfE2MSaT2KAtMZERjoxVpm/lfrpBBe+2MukxSYpPNFYSowxDjLAfe4YhTEyAChiptbMR0QRSiYtEomBHfxy8vQPKu6l9WL+/NK7SaPo4gO0RE6QS66QjV0h+qogSh6Qs/oFb1ZE+vFerc+5q0FK585QH9kff4Agp6TiQ==</latexit>

|⌘ � ⌘̂|

<latexit sha1_base64="luRxvyWZ7gPOo6F/EfvdLBNL00I=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVv45FLx4rWFtol5JNs21okg1JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvUpwZ6/vfXmlldW19o7xZ2dre2d2r7h88miTVhLZIwhPdibChnEnassxy2lGaYhFx2o7Gt7nffqLasEQ+2ImiocBDyWJGsM2lnjKsX635dX8GtEyCgtSgQLNf/eoNEpIKKi3h2Jhu4CsbZlhbRjidVnqpoQqTMR7SrqMSC2rCbHbrFJ04ZYDiRLuSFs3U3xMZFsZMROQ6BbYjs+jl4n9eN7XxdZgxqVJLJZkvilOObILyx9GAaUosnziCiWbuVkRGWGNiXTwVF0Kw+PIyeTyrB5f1i/vzWuOmiKMMR3AMpxDAFTTgDprQAgIjeIZXePOE9+K9ex/z1pJXzBzCH3ifPyd/jlQ=</latexit>
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/32Preparation | Moduli of convexity

 
● Moduli = the minimum Jensen gap of a convex function 

❖  is strictly convex iff  
❖ Generalization of strongly convex functions with 

Definition. For a convex function , its modulus of convexity is 

.

<latexit sha1_base64="8FzgzRLFgWEv+jIU585PKfI0W4s="></latexit>

⌦ : [0, 1] ! R
<latexit sha1_base64="34sIgGFVo/GR420twkDIQbCxd3M="></latexit>

�⌦(✏) := inf
⌘,⌘̂2[0,1]

⇢
⌦(⌘) + ⌦(⌘̂)

2
� ⌦

✓
⌘ + ⌘̂

2

◆ ���� |⌘ � ⌘̂| � ✏

�

<latexit sha1_base64="qJnjVQdoVJfQRkyBz8p7859k43k=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEv3oxgFkiG0NPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kmNzp2gfdwtlf2KPwVaJEFOypCj1i19dXqKpIJKSzg2ph34iQ0zrC0jnI6LndTQBJMh7tO2oxILasJseu0YHTulh2KlXUmLpurviQwLY0Yicp0C24GZ9ybif147tfFVmDGZpJZKMlsUpxxZhSavox7TlFg+cgQTzdytiAywxsS6gIouhGD+5UXSOK0EF5Xz+7Ny9TqPowCHcAQnEMAlVOEWalAHAo/wDK/w5invxXv3PmatS14+cwB/4H3+AGJxjwU=</latexit>

⌦
<latexit sha1_base64="Gzsy+jb3ib8J3mxDAiKI8sstYTI=">AAACH3icbVDLSgNBEJyN7/iKevQyGIR4Cbui0ZOIXrypYB6QDaF3tpMMmZ1dZ2aFEPInXvwVLx4UEW/+jZOHoIkFDUVVN91dQSK4Nq775WTm5hcWl5ZXsqtr6xubua3tio5TxbDMYhGrWgAaBZdYNtwIrCUKIQoEVoPu5dCvPqDSPJZ3ppdgI4K25C3OwFipmSv5IQoDTf86wjYUfEw0F7E8oGfUpf59CiH1W7ECIeiPN7SaubxbdEegs8SbkDyZ4KaZ+/TDmKURSsMEaF333MQ0+qAMZwIHWT/VmADrQhvrlkqIUDf6o/8GdN8qIbVn2JKGjtTfE32ItO5Fge2MwHT0tDcU//PqqWmdNvpcJqlBycaLWqmgJqbDsGjIFTIjepYAU9zeSlkHFDBjI83aELzpl2dJ5bDolYrHt0f584tJHMtkl+yRAvHICTknV+SGlAkjj+SZvJI358l5cd6dj3FrxpnM7JA/cL6+AaKaoXc=</latexit>

�⌦(✏) > 0 8✏ > 0
<latexit sha1_base64="0fepaOCvMxEXPG0lXSsW3RYbBps=">AAACG3icbVDJSgNBEO1xN25Rj14ag6CXMBPcLoLoxZsRjAqZGHo6NbFJd8/QXSOEIf/hxV/x4kERT4IH/8bOIrg9KHi8V0VVvSiVwqLvf3hj4xOTU9Mzs4W5+YXFpeLyyoVNMsOhxhOZmKuIWZBCQw0FSrhKDTAVSbiMOsd9//IWjBWJPsduCg3F2lrEgjN0UrNYCVsgkTXDUwVtthlCaoVM9BY9oCHGhvE8VFkvr/S+nOtKs1jyy/4A9C8JRqRERqg2i29hK+GZAo1cMmvrgZ9iI2cGBZfQK4SZhZTxDmtD3VHNFNhGPvitRzec0qJxYlxppAP1+0TOlLVdFblOxfDG/vb64n9ePcN4v5ELnWYImg8XxZmkmNB+ULQlDHCUXUcYN8LdSvkNc4mgi7PgQgh+v/yXXFTKwW5552y7dHg0imOGrJF1skkCskcOyQmpkhrh5I48kCfy7N17j96L9zpsHfNGM6vkB7z3Ty/EoYk=</latexit>

�⌦(✏) =
µ
2 ✏

2

21

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂<latexit sha1_base64="TiunfhzdNARBSysZ2a0a3HeyOmI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdzHRXMSyV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt3Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sD5/AFQEZAq</latexit>✏

Jensen Gap

<latexit sha1_base64="qJnjVQdoVJfQRkyBz8p7859k43k=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEv3oxgFkiG0NPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kmNzp2gfdwtlf2KPwVaJEFOypCj1i19dXqKpIJKSzg2ph34iQ0zrC0jnI6LndTQBJMh7tO2oxILasJseu0YHTulh2KlXUmLpurviQwLY0Yicp0C24GZ9ybif147tfFVmDGZpJZKMlsUpxxZhSavox7TlFg+cgQTzdytiAywxsS6gIouhGD+5UXSOK0EF5Xz+7Ny9TqPowCHcAQnEMAlVOEWalAHAo/wDK/w5invxXv3PmatS14+cwB/4H3+AGJxjwU=</latexit>

⌦



/32Main theorem | Regret upper bounds

 
● Monotone function  governs L1 regret bound ( : convex) 
●Corollary. Regret bounds for downstream tasks 

❖ Classification  

❖ Ranking   

Theorem. For a proper loss , for all , 

.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="EUOLulqGZ6gM5nouYTaM7Q3hqWA=">AAACAnicdVDLSgNBEJz1GeMr6km8DAbBQ1h2884t6MVjBBOF7BJmJ5NkyOzsMtMrhBC8+CtePCji1a/w5t84eQgqWtBQVHXT3RXEgmtwnA9raXlldW09tZHe3Nre2c3s7bd0lCjKmjQSkboJiGaCS9YEDoLdxIqRMBDsOhieT/3rW6Y0j+QVjGLmh6QveY9TAkbqZA49BiSHvQGBKcMel7jt5LDrdzJZx3bK+Vqxhh3brRSqBdeQQr5UK5exazszZNECjU7m3etGNAmZBCqI1m3XicEfEwWcCjZJe4lmMaFD0mdtQyUJmfbHsxcm+MQoXdyLlCkJeKZ+nxiTUOtRGJjOkMBA//am4l9eO4Fe1R9zGSfAJJ0v6iUCQ4SneeAuV4yCGBlCqOLmVkwHRBEKJrW0CeHrU/w/aeVtt2yXLovZ+tkijhQ6QsfoFLmoguroAjVQE1F0hx7QE3q27q1H68V6nbcuWYuZA/QD1tsnAgeV7A==</latexit>

⌘, ⌘̂ 2 [0, 1]
<latexit sha1_base64="kkdR3/jHCPrg5tQ2yJ0t1txWlkM="></latexit>

��L`
(|⌘ � ⌘̂|)  R`(⌘, ⌘̂)

<latexit sha1_base64="neb8/HNTO3dK6CROG4yvQ/8j6X8=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqJhSpBvMYKFgaGItGH1ESR49y0Vh0nsh2kKurCwq+wMIAQK//Axt/gthmg5UhXOjrnXvveE6SMSmXb30ZpYXFpeaW8Wllb39jcMrd3WjLJBIEmSVgiOgGWwCiHpqKKQScVgOOAQTsYXI/99gMISRN+r4YpeDHucRpRgpWWfHPfDYEp7OfHbsZDEON38tuR7wJjI9+s2jV7AmueOAWpogIN3/xyw4RkMXBFGJay69ip8nIsFCUMRhU3k5BiMsA96GrKcQzSyydXjKxDrYRWlAhdXFkT9fdEjmMph3GgO2Os+nLWG4v/ed1MRZdeTnmaKeBk+lGUMUsl1jgSK6QCiGJDTTARVO9qkT4WmCgdXEWH4MyePE9aJzXnvHZ2d1qtXxVxlNEeOkBHyEEXqI5uUAM1EUGP6Bm9ojfjyXgx3o2PaWvJKGZ20R8Ynz9Du5kV</latexit>

��L`

<latexit sha1_base64="r5FLAZ06D21wdBnfSZ9rruW0/2I=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAhuLIn4WhbduHBRwT6gCWEyuWmHTiZhZiKUUH/FjQtF3Poh7vwbJ20W2npg4HDOPdw7J0gZlcq2v42l5ZXVtfXKRnVza3tn19zb78gkEwTaJGGJ6AVYAqMc2ooqBr1UAI4DBt1gdFP43UcQkib8QY1T8GI84DSiBCst+WbtxM14CKLI53cT3wXGfLNuN+wprEXilKSOSrR888sNE5LFwBVhWMq+Y6fKy7FQlDCYVN1MQorJCA+grynHMUgvnx4/sY60ElpRIvTjypqqvxM5jqUcx4GejLEaynmvEP/z+pmKrryc8jRTwMlsUZQxSyVW0YQVUgFEsbEmmAiqb7XIEAtMlO6rqktw5r+8SDqnDeeicX5/Vm9el3VU0AE6RMfIQZeoiW5RC7URQWP0jF7Rm/FkvBjvxsdsdMkoMzX0B8bnD/ablP4=</latexit>�L`

<latexit sha1_base64="7X0ivj+g7TNXNqunchGVdhRIv0w="></latexit>

R01(⌘, ⌘̂)  (�??�L`
)�1(R`(⌘, ⌘̂))

<latexit sha1_base64="4YNumFlTPtvqzEZuLN1d5iYa3s8="></latexit>

Rrank(⌘1, ⌘2, ⌘̂1, ⌘̂2)  (�??�L`
)�1(R`(⌘1, ⌘̂1)) + (�??�L`

)�1(R`(⌘2, ⌘̂2))

Regret   
Conditional risk     Bayes risk  

<latexit sha1_base64="RixgQ7/FTk0sZJ8fN0sutaTDOAw="></latexit>

R`(⌘, ⌘̂) = L`(⌘, ⌘̂)� L`(⌘)
<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

22

(  is convex biconjugate, and hence convex)
<latexit sha1_base64="F/HvM1/XqRewXsxMr5L7g3duy80=">AAACA3icbVDJSgNBEO2JW4xb1JteBoPgKcyI2zHoxZsRzAKZGGo6laRJz0J3jRCGgBd/xYsHRbz6E978GzvLQRMfVPF4r4ruen4shSbH+bYyC4tLyyvZ1dza+sbmVn57p6qjRHGs8EhGqu6DRilCrJAgifVYIQS+xJrfvxr5tQdUWkThHQ1ibAbQDUVHcCAjtfJ7XhslQcu7CbAL96mnCdS4DVv5glN0xrDniTslBTZFuZX/8toRTwIMiUvQuuE6MTVTUCS4xGHOSzTGwPvQxYahIQSom+n4hqF9aJS23YmUqZDssfp7I4VA60Hgm8kAqKdnvZH4n9dIqHPRTEUYJ4QhnzzUSaRNkT0KxG4LhZzkwBDgSpi/2rwHCjiZ2HImBHf25HlSPS66Z8XT25NC6XIaR5btswN2xFx2zkrsmpVZhXH2yJ7ZK3uznqwX6936mIxmrOnOLvsD6/MHxueYRQ==</latexit>

�??⌦
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● Modulus is bounded by Jensen-Bregman divergence 

 

● Regret of proper loss = Bregman divergence 
 

● It is sufficient to show  
❖ Evident from figure

Theorem. For a proper loss , for all , 

.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="EUOLulqGZ6gM5nouYTaM7Q3hqWA=">AAACAnicdVDLSgNBEJz1GeMr6km8DAbBQ1h2884t6MVjBBOF7BJmJ5NkyOzsMtMrhBC8+CtePCji1a/w5t84eQgqWtBQVHXT3RXEgmtwnA9raXlldW09tZHe3Nre2c3s7bd0lCjKmjQSkboJiGaCS9YEDoLdxIqRMBDsOhieT/3rW6Y0j+QVjGLmh6QveY9TAkbqZA49BiSHvQGBKcMel7jt5LDrdzJZx3bK+Vqxhh3brRSqBdeQQr5UK5exazszZNECjU7m3etGNAmZBCqI1m3XicEfEwWcCjZJe4lmMaFD0mdtQyUJmfbHsxcm+MQoXdyLlCkJeKZ+nxiTUOtRGJjOkMBA//am4l9eO4Fe1R9zGSfAJJ0v6iUCQ4SneeAuV4yCGBlCqOLmVkwHRBEKJrW0CeHrU/w/aeVtt2yXLovZ+tkijhQ6QsfoFLmoguroAjVQE1F0hx7QE3q27q1H68V6nbcuWYuZA/QD1tsnAgeV7A==</latexit>

⌘, ⌘̂ 2 [0, 1]
<latexit sha1_base64="kkdR3/jHCPrg5tQ2yJ0t1txWlkM="></latexit>

��L`
(|⌘ � ⌘̂|)  R`(⌘, ⌘̂)

<latexit sha1_base64="ZfHUXk/tys9ZN07hRz/g1YWCkWE="></latexit>

��L`
(✏)  �L`(⌘)� L`(⌘̂)

2
+ L`

✓
⌘ + ⌘̂

2

◆
=: J�L`

(⌘, ⌘̂)

<latexit sha1_base64="jWFyAh3W2mC6WLcYLNm82EgJBjw="></latexit>

R`(⌘, ⌘̂) = �L`(⌘̂) + L`(⌘) + (⌘̂ � ⌘)L0
`(⌘) =: B�L`

(⌘, ⌘̂)

<latexit sha1_base64="PoLSO3BrtI+S0G+odQ2umUmRwRM=">AAACPHicjVA9SwNBFNzz2/gVtbRZDEIEDXfiVynaiFgoGg3kwrG3eTGLe3vH7jshHPlhNv4IOysbC0Vsrd2LKTSxcGBhmJm3u2/CRAqDrvvkjIyOjU9MTk0XZmbn5heKi0tXJk41hyqPZaxrITMghYIqCpRQSzSwKJRwHd4e5f71HWgjYnWJnQQaEbtRoiU4QysFxYuTINv0U9UEnV+RnXYDH6Tsln1AtkH9NsOcrVNfAj38XzYoltyK2wMdJl6flEgfZ0Hx0W/GPI1AIZfMmLrnJtjImEbBJXQLfmogYfyW3UDdUsUiMI2st3yXrlmlSVuxtkch7ak/JzIWGdOJQpuMGLbNoJeLf3n1FFv7jUyoJEVQ/PuhViopxjRvkjaFBo6yYwnjWti/Ut5mmnG0fRdsCd7gysPkaqvi7VZ2zrdLB4f9OqbIClklZeKRPXJAjskZqRJO7skzeSVvzoPz4rw7H9/REac/s0x+wfn8As3nrnQ=</latexit>

J�L`
(⌘, ⌘̂)  B�L`

(⌘, ⌘̂)

23

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

<latexit sha1_base64="r5FLAZ06D21wdBnfSZ9rruW0/2I=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAhuLIn4WhbduHBRwT6gCWEyuWmHTiZhZiKUUH/FjQtF3Poh7vwbJ20W2npg4HDOPdw7J0gZlcq2v42l5ZXVtfXKRnVza3tn19zb78gkEwTaJGGJ6AVYAqMc2ooqBr1UAI4DBt1gdFP43UcQkib8QY1T8GI84DSiBCst+WbtxM14CKLI53cT3wXGfLNuN+wprEXilKSOSrR888sNE5LFwBVhWMq+Y6fKy7FQlDCYVN1MQorJCA+grynHMUgvnx4/sY60ElpRIvTjypqqvxM5jqUcx4GejLEaynmvEP/z+pmKrryc8jRTwMlsUZQxSyVW0YQVUgFEsbEmmAiqb7XIEAtMlO6rqktw5r+8SDqnDeeicX5/Vm9el3VU0AE6RMfIQZeoiW5RC7URQWP0jF7Rm/FkvBjvxsdsdMkoMzX0B8bnD/ablP4=</latexit>�L`

<latexit sha1_base64="uV1mnLf0HiQVHBVm+EtNIRQVrrA=">AAACEHicbZDLSgMxFIYz3q23qks3wSJW0DIj3palbly4ULBW6JQhk57aYCYzJGeEMvQR3Pgqblwo4talO9/GTO1CW38IfPznnCTnDxMpDLrulzMxOTU9Mzs3X1hYXFpeKa6uXZs41RzqPJaxvgmZASkU1FGghJtEA4tCCY3w7jSvN+5BGxGrK+wl0IrYrRIdwRlaKyhu14Jsz09VG3R+RXbeD3yQsl/2Adku9bsMc9oJiiW34g5Ex8EbQokMdREUP/12zNMIFHLJjGl6boKtjGkUXEK/4KcGEsbv2C00LSoWgWllg4X6dMs6bdqJtT0K6cD9PZGxyJheFNrOiGHXjNZy879aM8XOSSsTKkkRFP95qJNKijHN06FtoYGj7FlgXAv7V8q7TDOONsOCDcEbXXkcrvcr3lHl8PKgVK0N45gjG2STlIlHjkmVnJELUiecPJAn8kJenUfn2Xlz3n9aJ5zhzDr5I+fjG0xsnME=</latexit>

B�L`
(⌘, ⌘̂)

<latexit sha1_base64="7mVwO48eyfb8KhZvSpZbUlEn3lE=">AAACEHicbZDLSgMxFIYzXmu9VV26CRZRQcuMeFsW3Yi4ULBW6JQhk57a0ExmSM4IZegjuPFV3LhQxK1Ld76NmdqFVn8IfPznnCTnDxMpDLrupzM2PjE5NV2YKc7OzS8slpaWr02cag41HstY34TMgBQKaihQwk2igUWhhHrYPcnr9TvQRsTqCnsJNCN2q0RbcIbWCkobZ0G246eqBTq/IjvvBz5I2d/0Adk29TsMc9oKSmW34g5E/4I3hDIZ6iIoffitmKcRKOSSGdPw3ASbGdMouIR+0U8NJIx32S00LCoWgWlmg4X6dN06LdqOtT0K6cD9OZGxyJheFNrOiGHHjNZy879aI8X2UTMTKkkRFP9+qJ1KijHN06EtoYGj7FlgXAv7V8o7TDOONsOiDcEbXfkvXO9WvIPK/uVeuXo8jKNAVska2SQeOSRVckouSI1wck8eyTN5cR6cJ+fVeftuHXOGMyvkl5z3L1m8nMk=</latexit>

J�L`
(⌘, ⌘̂)



/32Examples
● L2 loss

24

0.0 0.5 1.0

<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk
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0.0 0.5 1.0

<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk

0 1
0.0

0.5

1.0

<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2

4

Moulus of convexity
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0.0 0.5 1.0

<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

● Log loss

0.0 0.5 1.0

<latexit sha1_base64="URaSJ59XiYvgkIt9GFb48s2P6AA=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0Y07K9gHdIaSSW/b0ExmSDJCGfobbvwVNy4Ucakr/8ZMW0FbD4R7OOdebu7xI86Utu0vKzM3v7C4lF3OrayurW/kN7dqKowlhSoNeSgbPlHAmYCqZppDI5JAAp9D3e9fpX79HqRiobjTgwi8gHQF6zBKtJFaedu9CaBLii5oso8vcFpdLtKCD3DRORwZRvmhrXzBLtkj4FniTEgBTVBp5T/cdkjjAISmnCjVdOxIewmRmlEOw5wbK4gI7ZMuNA0VJADlJaPLhnjPKG3cCaV5QuOR+nsiIYFSg8A3nQHRPTXtpeJ/XjPWnXMvYSKKNQg6XtSJOdYhTmPCbSaBaj4whFDJzF8x7RFJqDZh5kwIzvTJs6R2VHJOSye3x4Xy5SSOLNpBu6iIHHSGyugaVVAVUfSAntALerUerWfrzXoft2asycw2+gPr8xv8N53L</latexit>

⌦(⌘) = ⌘ ln ⌘ + (1� ⌘) ln(1� ⌘)

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk

0 1
0.0

0.5

1.0

<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2
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<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

● Log loss

0.0 0.5 1.0

<latexit sha1_base64="URaSJ59XiYvgkIt9GFb48s2P6AA=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0Y07K9gHdIaSSW/b0ExmSDJCGfobbvwVNy4Ucakr/8ZMW0FbD4R7OOdebu7xI86Utu0vKzM3v7C4lF3OrayurW/kN7dqKowlhSoNeSgbPlHAmYCqZppDI5JAAp9D3e9fpX79HqRiobjTgwi8gHQF6zBKtJFaedu9CaBLii5oso8vcFpdLtKCD3DRORwZRvmhrXzBLtkj4FniTEgBTVBp5T/cdkjjAISmnCjVdOxIewmRmlEOw5wbK4gI7ZMuNA0VJADlJaPLhnjPKG3cCaV5QuOR+nsiIYFSg8A3nQHRPTXtpeJ/XjPWnXMvYSKKNQg6XtSJOdYhTmPCbSaBaj4whFDJzF8x7RFJqDZh5kwIzvTJs6R2VHJOSye3x4Xy5SSOLNpBu6iIHHSGyugaVVAVUfSAntALerUerWfrzXoft2asycw2+gPr8xv8N53L</latexit>

⌦(⌘) = ⌘ ln ⌘ + (1� ⌘) ln(1� ⌘)

0 1
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0.5

1.0
<latexit sha1_base64="xEk4eHC6DSPzlqc+EbstO+KdBuk="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 )

+ ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk
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1.0

<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2
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0.0 0.5 1.0

<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

● Log loss

0.0 0.5 1.0

<latexit sha1_base64="URaSJ59XiYvgkIt9GFb48s2P6AA=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0Y07K9gHdIaSSW/b0ExmSDJCGfobbvwVNy4Ucakr/8ZMW0FbD4R7OOdebu7xI86Utu0vKzM3v7C4lF3OrayurW/kN7dqKowlhSoNeSgbPlHAmYCqZppDI5JAAp9D3e9fpX79HqRiobjTgwi8gHQF6zBKtJFaedu9CaBLii5oso8vcFpdLtKCD3DRORwZRvmhrXzBLtkj4FniTEgBTVBp5T/cdkjjAISmnCjVdOxIewmRmlEOw5wbK4gI7ZMuNA0VJADlJaPLhnjPKG3cCaV5QuOR+nsiIYFSg8A3nQHRPTXtpeJ/XjPWnXMvYSKKNQg6XtSJOdYhTmPCbSaBaj4whFDJzF8x7RFJqDZh5kwIzvTJs6R2VHJOSye3x4Xy5SSOLNpBu6iIHHSGyugaVVAVUfSAntALerUerWfrzXoft2asycw2+gPr8xv8N53L</latexit>

⌦(⌘) = ⌘ ln ⌘ + (1� ⌘) ln(1� ⌘)

● Exponential (Boosting) loss

0.0 0.5 1.0

<latexit sha1_base64="IyTc8QnBNDL0R4TIC0Z0l8AB+Ag=">AAACDXicbVDJSgNBEO1xjXGLevTSGIV4SJgJbhch6MWbEcwCmRB6OpXYpGexu0YIQ37Ai7/ixYMiXr1782/sLAdNfFDw+r0quup5kRQabfvbmptfWFxaTq2kV9fWNzYzW9tVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ83qXQ7/2AEqLMLjFfgRNn3UD0RGcoZFamX332ocuy7mA7JCe03zR1fcKk+E75+RH8qCVydoFewQ6S5wJyZIJyq3Ml9sOeexDgFwyrRuOHWEzYQoFlzBIu7GGiPEe60LD0ID5oJvJ6JoBPTBKm3ZCZSpAOlJ/TyTM17rve6bTZ3inp72h+J/XiLFz1kxEEMUIAR9/1IklxZAOo6FtoYCj7BvCuBJmV8rvmGIcTYBpE4IzffIsqRYLzknh+OYoW7qYxJEiu2SP5IhDTkmJXJEyqRBOHskzeSVv1pP1Yr1bH+PWOWsys0P+wPr8AcDRmh4=</latexit>

⌦(⌘) = �2
p

⌘(1� ⌘)

0 1
0.0

0.5

1.0
<latexit sha1_base64="xEk4eHC6DSPzlqc+EbstO+KdBuk="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 )

+ ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk
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1.0

<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2
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0.0 0.5 1.0

<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)

● Log loss

0.0 0.5 1.0

<latexit sha1_base64="URaSJ59XiYvgkIt9GFb48s2P6AA=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0Y07K9gHdIaSSW/b0ExmSDJCGfobbvwVNy4Ucakr/8ZMW0FbD4R7OOdebu7xI86Utu0vKzM3v7C4lF3OrayurW/kN7dqKowlhSoNeSgbPlHAmYCqZppDI5JAAp9D3e9fpX79HqRiobjTgwi8gHQF6zBKtJFaedu9CaBLii5oso8vcFpdLtKCD3DRORwZRvmhrXzBLtkj4FniTEgBTVBp5T/cdkjjAISmnCjVdOxIewmRmlEOw5wbK4gI7ZMuNA0VJADlJaPLhnjPKG3cCaV5QuOR+nsiIYFSg8A3nQHRPTXtpeJ/XjPWnXMvYSKKNQg6XtSJOdYhTmPCbSaBaj4whFDJzF8x7RFJqDZh5kwIzvTJs6R2VHJOSye3x4Xy5SSOLNpBu6iIHHSGyugaVVAVUfSAntALerUerWfrzXoft2asycw2+gPr8xv8N53L</latexit>

⌦(⌘) = ⌘ ln ⌘ + (1� ⌘) ln(1� ⌘)

● Exponential (Boosting) loss

0.0 0.5 1.0

<latexit sha1_base64="IyTc8QnBNDL0R4TIC0Z0l8AB+Ag=">AAACDXicbVDJSgNBEO1xjXGLevTSGIV4SJgJbhch6MWbEcwCmRB6OpXYpGexu0YIQ37Ai7/ixYMiXr1782/sLAdNfFDw+r0quup5kRQabfvbmptfWFxaTq2kV9fWNzYzW9tVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ83qXQ7/2AEqLMLjFfgRNn3UD0RGcoZFamX332ocuy7mA7JCe03zR1fcKk+E75+RH8qCVydoFewQ6S5wJyZIJyq3Ml9sOeexDgFwyrRuOHWEzYQoFlzBIu7GGiPEe60LD0ID5oJvJ6JoBPTBKm3ZCZSpAOlJ/TyTM17rve6bTZ3inp72h+J/XiLFz1kxEEMUIAR9/1IklxZAOo6FtoYCj7BvCuBJmV8rvmGIcTYBpE4IzffIsqRYLzknh+OYoW7qYxJEiu2SP5IhDTkmJXJEyqRBOHskzeSVv1pP1Yr1bH+PWOWsys0P+wPr8AcDRmh4=</latexit>

⌦(⌘) = �2
p

⌘(1� ⌘)

0 1
0.0

0.5

1.0
<latexit sha1_base64="xEk4eHC6DSPzlqc+EbstO+KdBuk="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 )

+ ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2
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<latexit sha1_base64="UzFvX8mWhvaYnaxx+qA7UHmvTKs=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahgpaZ4m0jFN24rGCt0Kklk55qaCYzJmeEMvQl3Pgqblwo4lZw59uYtrPwdiDw8f/ncHL+IJbCoOt+OhOTU9Mzs7m5/PzC4tJyYWX1wkSJ5lDnkYz0ZcAMSKGgjgIlXMYaWBhIaAS9k6HfuANtRKTOsR9DK2TXSnQFZ2ildmHb74BEVvIhNkJGaoseUY/uUN/cakxHlDlXlUG7UHTL7qjoX/AyKJKsau3Ch9+JeBKCQi6ZMU3PjbGVMo2CSxjk/cRAzHiPXUPTomIhmFY6umpAN63Sod1I26eQjtTvEykLjemHge0MGd6Y395Q/M9rJtg9bKVCxQmC4uNF3URSjOgwItoRGjjKvgXGtbB/pfyGacbRBpm3IXi/T/4LF5Wyt1/eO9stVo+zOHJknWyQEvHIAamSU1IjdcLJPXkkz+TFeXCenFfnbdw64WQza+RHOe9fkeadNw==</latexit>

�(✏) = 1�
p

1� ✏2

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk
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<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2
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<latexit sha1_base64="faoQsGuVyUiVs7okQL+q2kPMqEk=">AAACBnicbVDLSgMxFM3UV62vqksRgkVoF5YZ8bURim7cWcE+oB1KJr3ThiYzQ5IRytCVG3/FjQtF3PoN7vwbM20X2nog5OSce7m5x4s4U9q2v63MwuLS8kp2Nbe2vrG5ld/eqaswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcJ36jQeQioXBvR5G4ArSC5jPKNFG6uT327cCeqTYBk1K+BKn9/iBj7BT6uQLdtkeA88TZ0oKaIpqJ//V7oY0FhBoyolSLceOtJsQqRnlMMq1YwURoQPSg5ahARGg3GS8xggfGqWL/VCaE2g8Vn93JEQoNRSeqRRE99Wsl4r/ea1Y+xduwoIo1hDQySA/5liHOM0Ed5kEqvnQEEIlM3/FtE8kodoklzMhOLMrz5P6cdk5K5/enRQqV9M4smgPHaAictA5qqAbVEU1RNEjekav6M16sl6sd+tjUpqxpj276A+szx+IXZab</latexit>

⌦(⌘) = ⌘(⌘ � 1)
<latexit sha1_base64="URaSJ59XiYvgkIt9GFb48s2P6AA=">AAACGXicbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0Y07K9gHdIaSSW/b0ExmSDJCGfobbvwVNy4Ucakr/8ZMW0FbD4R7OOdebu7xI86Utu0vKzM3v7C4lF3OrayurW/kN7dqKowlhSoNeSgbPlHAmYCqZppDI5JAAp9D3e9fpX79HqRiobjTgwi8gHQF6zBKtJFaedu9CaBLii5oso8vcFpdLtKCD3DRORwZRvmhrXzBLtkj4FniTEgBTVBp5T/cdkjjAISmnCjVdOxIewmRmlEOw5wbK4gI7ZMuNA0VJADlJaPLhnjPKG3cCaV5QuOR+nsiIYFSg8A3nQHRPTXtpeJ/XjPWnXMvYSKKNQg6XtSJOdYhTmPCbSaBaj4whFDJzF8x7RFJqDZh5kwIzvTJs6R2VHJOSye3x4Xy5SSOLNpBu6iIHHSGyugaVVAVUfSAntALerUerWfrzXoft2asycw2+gPr8xv8N53L</latexit>

⌦(⌘) = ⌘ ln ⌘ + (1� ⌘) ln(1� ⌘)

<latexit sha1_base64="IyTc8QnBNDL0R4TIC0Z0l8AB+Ag=">AAACDXicbVDJSgNBEO1xjXGLevTSGIV4SJgJbhch6MWbEcwCmRB6OpXYpGexu0YIQ37Ai7/ixYMiXr1782/sLAdNfFDw+r0quup5kRQabfvbmptfWFxaTq2kV9fWNzYzW9tVHcaKQ4WHMlR1j2mQIoAKCpRQjxQw35NQ83qXQ7/2AEqLMLjFfgRNn3UD0RGcoZFamX332ocuy7mA7JCe03zR1fcKk+E75+RH8qCVydoFewQ6S5wJyZIJyq3Ml9sOeexDgFwyrRuOHWEzYQoFlzBIu7GGiPEe60LD0ID5oJvJ6JoBPTBKm3ZCZSpAOlJ/TyTM17rve6bTZ3inp72h+J/XiLFz1kxEEMUIAR9/1IklxZAOo6FtoYCj7BvCuBJmV8rvmGIcTYBpE4IzffIsqRYLzknh+OYoW7qYxJEiu2SP5IhDTkmJXJEyqRBOHskzeSVv1pP1Yr1bH+PWOWsys0P+wPr8AcDRmh4=</latexit>

⌦(⌘) = �2
p

⌘(1� ⌘)

<latexit sha1_base64="UzFvX8mWhvaYnaxx+qA7UHmvTKs=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahgpaZ4m0jFN24rGCt0Kklk55qaCYzJmeEMvQl3Pgqblwo4lZw59uYtrPwdiDw8f/ncHL+IJbCoOt+OhOTU9Mzs7m5/PzC4tJyYWX1wkSJ5lDnkYz0ZcAMSKGgjgIlXMYaWBhIaAS9k6HfuANtRKTOsR9DK2TXSnQFZ2ildmHb74BEVvIhNkJGaoseUY/uUN/cakxHlDlXlUG7UHTL7qjoX/AyKJKsau3Ch9+JeBKCQi6ZMU3PjbGVMo2CSxjk/cRAzHiPXUPTomIhmFY6umpAN63Sod1I26eQjtTvEykLjemHge0MGd6Y395Q/M9rJtg9bKVCxQmC4uNF3URSjOgwItoRGjjKvgXGtbB/pfyGacbRBpm3IXi/T/4LF5Wyt1/eO9stVo+zOHJknWyQEvHIAamSU1IjdcLJPXkkz+TFeXCenFfnbdw64WQza+RHOe9fkeadNw==</latexit>

�(✏) = 1�
p

1� ✏2

<latexit sha1_base64="xEk4eHC6DSPzlqc+EbstO+KdBuk="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 )

+ ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2
<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2

4

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

Negative Bayes risk

Moulus of convexity

Theorem. For a proper loss , for all , 
.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="EUOLulqGZ6gM5nouYTaM7Q3hqWA=">AAACAnicdVDLSgNBEJz1GeMr6km8DAbBQ1h2884t6MVjBBOF7BJmJ5NkyOzsMtMrhBC8+CtePCji1a/w5t84eQgqWtBQVHXT3RXEgmtwnA9raXlldW09tZHe3Nre2c3s7bd0lCjKmjQSkboJiGaCS9YEDoLdxIqRMBDsOhieT/3rW6Y0j+QVjGLmh6QveY9TAkbqZA49BiSHvQGBKcMel7jt5LDrdzJZx3bK+Vqxhh3brRSqBdeQQr5UK5exazszZNECjU7m3etGNAmZBCqI1m3XicEfEwWcCjZJe4lmMaFD0mdtQyUJmfbHsxcm+MQoXdyLlCkJeKZ+nxiTUOtRGJjOkMBA//am4l9eO4Fe1R9zGSfAJJ0v6iUCQ4SneeAuV4yCGBlCqOLmVkwHRBEKJrW0CeHrU/w/aeVtt2yXLovZ+tkijhQ6QsfoFLmoguroAjVQE1F0hx7QE3q27q1H68V6nbcuWYuZA/QD1tsnAgeV7A==</latexit>

⌘, ⌘̂ 2 [0, 1]
<latexit sha1_base64="kkdR3/jHCPrg5tQ2yJ0t1txWlkM="></latexit>

��L`
(|⌘ � ⌘̂|)  R`(⌘, ⌘̂)

<latexit sha1_base64="13wEjeCNPDmMJMU1FVECq/2dNII="></latexit>

1

4
|⌘ � ⌘̂|2  R`(⌘, ⌘̂) =) |⌘ � ⌘̂| 

p
4R`(⌘, ⌘̂)
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● L1 loss

26

(  )<latexit sha1_base64="V5Ik2Vizz61v76auLRifqOnWrdo=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBxrArvhohaGMhGME8IBvC7OQmGTI7u8zMCmFJY+Ov2FgoYus/2Pk3ziZbaOKBC4dz7p259/gRZ0o7zreVm5tfWFzKLxdWVtfWN+zNrZoKY0mhSkMeyoZPFHAmoKqZ5tCIJJDA51D3B1epX38AqVgo7vUwglZAeoJ1GSXaSG1717sNoEfwBT70YtEBmT6U3IzaHnDetotOyRkDzxI3I0WUodK2v7xOSOMAhKacKNV0nUi3EiI1oxxGBS9WEBE6ID1oGipIAKqVjK8Y4X2jdHA3lKaExmP190RCAqWGgW86A6L7atpLxf+8Zqy7562EiSjWIOjko27MsQ5xGgnuMAlU86EhhEpmdsW0TySh2gRXMCG40yfPktpRyT0tndwdF8uXWRx5tIP20AFy0Rkqo2tUQVVE0SN6Rq/ozXqyXqx362PSmrOymW30B9bnD7TWmBo=</latexit>

⌦ = �L`

0.0 0.5 1.0

0 1
0.0

0.5

1.0

<latexit sha1_base64="nnQjDMyHJpEMaksN7PHGTxk/MWg=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARKtgyI942QtFNlxXsBTpDyaRpG5pkhiQjlKFbN76KGxeKuPUN3Pk2ZtpZaOsPgS//OYfk/EHEqNKO823llpZXVtfy64WNza3tHXt3r6nCWGLSwCELZTtAijAqSENTzUg7kgTxgJFWMLpN660HIhUNxb0eR8TnaCBon2KkjdW1Ya3kEY2O4TUse5wKL0mvJxC65RS8SdcuOhVnKrgIbgZFkKnetb+8XohjToTGDCnVcZ1I+wmSmmJGJgUvViRCeIQGpGNQIE6Un0w3mcAj4/RgP5TmCA2n7u+JBHGlxjwwnRzpoZqvpeZ/tU6s+1d+QkUUayLw7KF+zKAOYRoL7FFJsGZjAwhLav4K8RBJhLUJr2BCcOdXXoTmacW9qJzfnRWrN1kceXAADkEJuOASVEEN1EEDYPAInsEreLOerBfr3fqYteasbGYf/JH1+QMXfJgU</latexit>

H(⌘) = �min{⌘, 1� ⌘}

<latexit sha1_base64="RkLu13PIhv93DjkOQKXuOu1ZTOM=">AAACHnicbVDLSgNBEJz1bXxFPXoZDEIEDbvi6yIEvXiMYDSQDWF20psMzs4uM71iWPZLvPgrXjwoInjSv3ESI/gqaCiquunuChIpDLruuzM2PjE5NT0zW5ibX1hcKi6vXJg41RzqPJaxbgTMgBQK6ihQQiPRwKJAwmVwdTLwL69BGxGrc+wn0IpYV4lQcIZWahf3/A5IZGUfEiNkrDbpEfUjduNn7hb9Euk29THUjGdenu3kft4ultyKOwT9S7wRKZERau3iq9+JeRqBQi6ZMU3PTbCVMY2CS8gLfmogYfyKdaFpqWIRmFY2fC+nG1bp0DDWthTSofp9ImORMf0osJ0Rw5757Q3E/7xmiuFhKxMqSREU/1wUppJiTAdZ0Y7QwFH2LWFcC3sr5T1mc0CbaMGG4P1++S+52Kl4+5W9s91S9XgUxwxZI+ukTDxyQKrklNRInXByS+7JI3ly7pwH59l5+Wwdc0Yzq+QHnLcPsqqhoQ==</latexit>

�(✏) = max{0, ✏� 1
2}

Theorem. For a proper loss , for all , 
.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="EUOLulqGZ6gM5nouYTaM7Q3hqWA=">AAACAnicdVDLSgNBEJz1GeMr6km8DAbBQ1h2884t6MVjBBOF7BJmJ5NkyOzsMtMrhBC8+CtePCji1a/w5t84eQgqWtBQVHXT3RXEgmtwnA9raXlldW09tZHe3Nre2c3s7bd0lCjKmjQSkboJiGaCS9YEDoLdxIqRMBDsOhieT/3rW6Y0j+QVjGLmh6QveY9TAkbqZA49BiSHvQGBKcMel7jt5LDrdzJZx3bK+Vqxhh3brRSqBdeQQr5UK5exazszZNECjU7m3etGNAmZBCqI1m3XicEfEwWcCjZJe4lmMaFD0mdtQyUJmfbHsxcm+MQoXdyLlCkJeKZ+nxiTUOtRGJjOkMBA//am4l9eO4Fe1R9zGSfAJJ0v6iUCQ4SneeAuV4yCGBlCqOLmVkwHRBEKJrW0CeHrU/w/aeVtt2yXLovZ+tkijhQ6QsfoFLmoguroAjVQE1F0hx7QE3q27q1H68V6nbcuWYuZA/QD1tsnAgeV7A==</latexit>

⌘, ⌘̂ 2 [0, 1]
<latexit sha1_base64="kkdR3/jHCPrg5tQ2yJ0t1txWlkM="></latexit>

��L`
(|⌘ � ⌘̂|)  R`(⌘, ⌘̂)

<latexit sha1_base64="FihK2pkH4fGw+cDpaQpMEJjDSGo="></latexit>

max

⇢
0, |⌘ � ⌘̂|� 1

2

�
 R`(⌘, ⌘̂) =) |⌘ � ⌘̂|2  R`(⌘, ⌘̂) +

1

2
<latexit sha1_base64="7vPUEz/fMChvjjW9oGC61c46n7c="></latexit>

max

⇢
0, |⌘ � ⌘̂|� 1

2

�
 R`(⌘, ⌘̂) =) |⌘ � ⌘̂|  R`(⌘, ⌘̂) +

1

2
(vacuous)



/32Outline
●Q. How should we assess probability estimates? 

❖ Proper losses 

●Q. How can estimated probabilities be used for other tasks? 
❖ Regret bounds 

●Q. How to compare different loss functions? 
❖ Order function of moduli

27

Y = 1 Y = 0 Y = 1 Y = 0

Estimate 
<latexit sha1_base64="EaC/7PjJM8Iq+FoAa9OrYmeNfwk=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJfROJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh2C4FBFvoEDJ24nmoELJW+Hoduq3nrg2Io4ecJzwQMEgEn3BAK30SP0hoM8RuuWKW3VnoMvEy0mF5Kh3y19+L2ap4hEyCcZ0PDfBIAONgkk+Kfmp4QmwEQx4x9IIFDdBNjt4Qk+s0qP9WNuKkM7U3xMZKGPGKrSdCnBoFr2p+J/XSbF/HWQiSlLkEZsv6qeSYkyn39Oe0JyhHFsCTAt7K2VD0MDQZlSyIXiLLy+T5lnVu6xe3J9Xajd5HEVyRI7JKfHIFamRO1InDcKIIs/klbw52nlx3p2PeWvByWcOyR84nz9rApAt</latexit>

⌘̂ True <latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘

<latexit sha1_base64="rNlK4ov37/wpYT+acwZCiDon264=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoivpZFNy4r2Ac0oUwmk3bo5MHMjVBCV278FTcuFHHrN7jzb5y0WWj1wIXDOfdy7z1eIrgCy/oySguLS8sr5dXK2vrG5pa5vdNWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxtd537nnknF4+gOxglzQzKIeMApAS31zX0nJDCUYebrXZOaw4AcY2dIIGdHfbNq1a0p8F9iF6SKCjT75qfjxzQNWQRUEKV6tpWAmxEJnAo2qTipYgmhIzJgPU0jEjLlZtM3JvhQKz4OYqkrAjxVf05kJFRqHHq6Mz9azXu5+J/XSyG4dDMeJSmwiM4WBanAEOM8E+xzySiIsSaESq5vxXRIJKGgk6voEOz5l/+S9kndPq+f3Z5WG1dFHGW0hw5QDdnoAjXQDWqiFqLoAT2hF/RqPBrPxpvxPmstGcXMLvoF4+Mb8u6Yyg==</latexit>

dist(⌘, ⌘̂)



/32Can we obtain more meaningful bounds?
● L1 regret bounds are characterized by moduli 

 
❖ Moduli are not friendly for us 

●Q. Can we evaluate moduli by polynomials? 
❖ For some ,  

0 1
0.0

0.5

1.0

0 1
0.0

0.5

1.0

0 1
0.0

0.5

1.0
<latexit sha1_base64="UzFvX8mWhvaYnaxx+qA7UHmvTKs=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahgpaZ4m0jFN24rGCt0Kklk55qaCYzJmeEMvQl3Pgqblwo4lZw59uYtrPwdiDw8f/ncHL+IJbCoOt+OhOTU9Mzs7m5/PzC4tJyYWX1wkSJ5lDnkYz0ZcAMSKGgjgIlXMYaWBhIaAS9k6HfuANtRKTOsR9DK2TXSnQFZ2ildmHb74BEVvIhNkJGaoseUY/uUN/cakxHlDlXlUG7UHTL7qjoX/AyKJKsau3Ch9+JeBKCQi6ZMU3PjbGVMo2CSxjk/cRAzHiPXUPTomIhmFY6umpAN63Sod1I26eQjtTvEykLjemHge0MGd6Y395Q/M9rJtg9bKVCxQmC4uNF3URSjOgwItoRGjjKvgXGtbB/pfyGacbRBpm3IXi/T/4LF5Wyt1/eO9stVo+zOHJknWyQEvHIAamSU1IjdcLJPXkkz+TFeXCenFfnbdw64WQza+RHOe9fkeadNw==</latexit>

�(✏) = 1�
p

1� ✏2<latexit sha1_base64="xEk4eHC6DSPzlqc+EbstO+KdBuk="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 )

+ ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2

<latexit sha1_base64="f8MIrIIALgL+76hM1Q7RCs6Hr1k=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBDjJeyG+LgIQS8eI5gHZGOYnfQmQ2Znl5lZISz5BC/+ihcPinj16M2/cZKsoIkFDUVVN91dXsSZ0rb9ZS0sLi2vrGbWsusbm1vbuZ3dugpjSaFGQx7KpkcUcCagppnm0IwkkMDj0PAGV2O/cQ9SsVDc6mEE7YD0BPMZJdpIndyR2wWuScGFSDEeimN8gV1fEpr8KHelUVIedXJ5u2hPgOeJk5I8SlHt5D7dbkjjAISmnCjVcuxItxMiNaMcRlk3VhAROiA9aBkqSACqnUweGuFDo3SxH0pTQuOJ+nsiIYFSw8AznQHRfTXrjcX/vFas/fN2wkQUaxB0usiPOdYhHqeDu0wC1XxoCKGSmVsx7RMThzYZZk0IzuzL86ReKjqnxZObcr5ymcaRQfvoABWQg85QBV2jKqohih7QE3pBr9aj9Wy9We/T1gUrndlDf2B9fANLmJzH</latexit>

�(✏) =
✏2

4

<latexit sha1_base64="p59VMMLwtuPLuPp0rRBIk4G7fv0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxMcx6MVjFPOAZAmzk9lkyMzsMjMrhCW/4MWDIl79IW/+jbPJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcEmk9QZeuiXK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10dusUnVhlgMJI2ZIGzdTfEykWWk9EYDsFNiO96GXif143MeG1nzIZJ4ZKMl8UJhyZCGWPowFTlBg+sQQTxeytiIywwsTYeEo2BG/x5WXSOq96l9WL+1qlfpPHUYQjOIZT8OAK6nAHDWgCgRE8wyu8OcJ5cd6dj3lrwclnDuEPnM8fQHeNvA==</latexit>

r,R
<latexit sha1_base64="gAZCy1DwXzBkoiRcnOF0M5iJdfg=">AAACF3icbVDLSgMxFM34rPVVdekmWIS6GWbE17LoxmUV+4DOWDKZO21oJjMkGaGU/oUbf8WNC0Xc6s6/MX2Bth4IHM45l5t7gpQzpR3n21pYXFpeWc2t5dc3Nre2Czu7NZVkkkKVJjyRjYAo4ExAVTPNoZFKIHHAoR50r4Z+/QGkYom4070U/Ji0BYsYJdpIrYLtQaoYT8S9xB4H7IXANSlN1aOxOM3ctgpFx3ZGwPPEnZAimqDSKnx5YUKzGISmnCjVdJ1U+30iNaMcBnkvU5AS2iVtaBoqSAzK74/uGuBDo4Q4SqR5QuOR+nuiT2KlenFgkjHRHTXrDcX/vGamowu/z0SaaRB0vCjKONYJHpaEQyaBat4zhFDJzF8x7RBJqDZV5k0J7uzJ86R2bLtn9unNSbF8Oakjh/bRASohF52jMrpGFVRFFD2iZ/SK3qwn68V6tz7G0QVrMrOH/sD6/AGYoJ+U</latexit>

✏r  �(✏)  ✏R

28
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Definition [Simonenko 1964]. For a proper loss , 
order function  is 

.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="dMUqWZmsBq6XGmVYvdCC76e2Du4="></latexit>

S` : (0, 1] ! R
<latexit sha1_base64="dTTLPzXw1nTUUZ1PNu/mm2dEi/I="></latexit>

S`(t) :=
t(�??�L`

)0(t)

�??�L`
(t)

Example for log loss

<latexit sha1_base64="ugcCim2BB/Dg4finq+RhGZfbDZ4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxLxtSy6cVnRPqAJYTK9aYdOJmFmUiihf+LGhSJu/RN3/o3TNgttPXDhcM693HtPmHKmtON8Wyura+sbm6Wt8vbO7t6+fXDYUkkmKTRpwhPZCYkCzgQ0NdMcOqkEEocc2uHwbuq3RyAVS8STHqfgx6QvWMQo0UYKbPsx8IDzqgepYjwRZ4FdcWrODHiZuAWpoAKNwP7yegnNYhCacqJU13VS7edEakY5TMpepiAldEj60DVUkBiUn88un+BTo/RwlEhTQuOZ+nsiJ7FS4zg0nTHRA7XoTcX/vG6moxs/ZyLNNAg6XxRlHOsET2PAPSaBaj42hFDJzK2YDogkVJuwyiYEd/HlZdI6r7lXtcuHi0r9toijhI7RCaoiF12jOrpHDdREFI3QM3pFb1ZuvVjv1se8dcUqZo7QH1ifPwWIk0c=</latexit>

S`(✏)

●Order function tells how many orders polynomial 
approximation of  is at a given point  
❖ Take a point  
❖ Take sup and inf in  to define  and  
❖  and  provides us polynomial bounds and their orders 

(see next page)

<latexit sha1_base64="KSSrFBSQ6HtGq6OOxChT+tlFGfM=">AAACEnicbVC7TsMwFHV4U14BRpaICgkGqgTxGhEsDAwg0YLUlMhxbsHCcSL7BqmK8g0s/AoLAwixMrHxN7hpBmg5kq2jc+699j1hKrhG1/22xsYnJqemZ2Zrc/MLi0v28kpLJ5li0GSJSNR1SDUILqGJHAVcpwpoHAq4Cu9P+v7VAyjNE3mJvRQ6Mb2VvMsZRSMF9pYfgUAa5Nt+JiNQ/Tn5WRH4IERxk/saqSqvIrDrbsMt4YwSryJ1UuE8sL/8KGFZDBKZoFq3PTfFTk4VciagqPmZhpSye3oLbUMljUF38nKlwtkwSuR0E2WORKdUf3fkNNa6F4emMqZ4p4e9vvif186we9jJuUwzBMkGD3Uz4WDi9PNxIq6AoegZQpni5q8Ou6OKMjQp1kwI3vDKo6S10/D2G3sXu/Wj4yqOGbJG1skm8cgBOSKn5Jw0CSOP5Jm8kjfryXqx3q2PQemYVfWskj+wPn8ANQCfGQ==</latexit>

�??�L`

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t

<latexit sha1_base64="+VEgaO7chF/PpuVHP1U9vzQo+X8=">AAAB8XicbVDLSgNBEOyNrxhfUY9eFoMgHsKu+DoGvXiMYB6YrGF20kmGzM4sM7NCWPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dYcyZNp737eSWlldW1/LrhY3Nre2d4u5eXctEUaxRyaVqhkQjZwJrhhmOzVghiUKOjXB4M/EbT6g0k+LejGIMItIXrMcoMVZ6aGOsGZfi8aRTLHllbwp3kfgZKUGGaqf41e5KmkQoDOVE65bvxSZIiTKMchwX2onGmNAh6WPLUkEi1EE6vXjsHlml6/aksiWMO1V/T6Qk0noUhbYzImag572J+J/XSkzvKkiZiBODgs4W9RLuGulO3ne7TCE1fGQJoYrZW106IIpQY0Mq2BD8+ZcXSf207F+Uz+/OSpXrLI48HMAhHIMPl1CBW6hCDSgIeIZXeHO08+K8Ox+z1pyTzezDHzifP28wkMY=</latexit>

✏⇤

<latexit sha1_base64="O5rifhp4zIeqfAF31Ms9pqaqls0=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEESmJ+FoW3bisYB+QxjKZTtqhk0mYmQg19EvcuFDErZ/izr9x2mahrQcuHM65l3vvCRLOlHacb6uwtLyyulZcL21sbm2X7Z3dpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC4c3Ebz1SqVgs7vUooX6E+4KFjGBtpK5d9pwT1KGJYjwWD8d+1644VWcKtEjcnFQgR71rf3V6MUkjKjThWCnPdRLtZ1hqRjgdlzqpogkmQ9ynnqECR1T52fTwMTo0Sg+FsTQlNJqqvycyHCk1igLTGWE9UPPeRPzP81IdXvkZE0mqqSCzRWHKkY7RJAXUY5ISzUeGYCKZuRWRAZaYaJNVyYTgzr+8SJqnVfeien53Vqld53EUYR8O4AhcuIQa3EIdGkAghWd4hTfryXqx3q2PWWvBymf24A+szx+BfJJd</latexit>

[0, ✏⇤] <latexit sha1_base64="bTejFfzNfL6Hv1LDn+7ZDKFfsqM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6Vm0usi571yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AZfzjyg=</latexit>p`
<latexit sha1_base64="Xli4Jk50zmg5FBiAQ984tQSMo0k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkzO7vOzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUaj90OCtEtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirnd2fl6nUeRwEO4QhOwINLqMIt1KAODB7gGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A5l8jyk=</latexit>q`

<latexit sha1_base64="bTejFfzNfL6Hv1LDn+7ZDKFfsqM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6Vm0usi571yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AZfzjyg=</latexit>p`
<latexit sha1_base64="Xli4Jk50zmg5FBiAQ984tQSMo0k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkzO7vOzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUaj90OCtEtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirnd2fl6nUeRwEO4QhOwINLqMIt1KAODB7gGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A5l8jyk=</latexit>q`

Igor Borisovich Simonenko. Interpolation and extrapolation of linear operators in Orlicz spaces.  Matematicheskii Sbornik, 105(4):536–553, 1964.
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Theorem. For a strictly proper loss , 
, define  and . 

Then, for all , we have 

, 

where  and .

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="8nqq7Vdbg7R5Qg4ksV5ICcLpuEw=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1iEIhKSPtJ2V3TjsoK1hSaUyXTaDp1MwsxEKKHgr7hxoYhbv8Odf+P0IajogQuHc+7l3nuCmFGpbPvDyKysrq1vZDdzW9s7u3vm/sGtjBKBSQtHLBKdAEnCKCctRRUjnVgQFAaMtIPx5cxv3xEhacRv1CQmfoiGnA4oRkpLPfPII7GkTNMz6FEOC/Y5dPyembct2y3Wy3VoW061VCs5mpSKlbrrQsey58iDJZo9893rRzgJCVeYISm7jh0rP0VCUczINOclksQIj9GQdDXlKCTST+fnT+GpVvpwEAldXMG5+n0iRaGUkzDQnSFSI/nbm4l/ed1EDWp+SnmcKMLxYtEgYVBFcJYF7FNBsGITTRAWVN8K8QgJhJVOLKdD+PoU/k9ui5bjWpXrcr5xsYwjC47BCSgAB1RBA1yBJmgBDFLwAJ7As3FvPBovxuuiNWMsZw7BDxhvnzSflF8=</latexit>

✏⇤ 2 (0, 1]
<latexit sha1_base64="RdG6oMDcvxgULy6eZmzIBDwTPLo="></latexit>

p` := sup
t2(0,✏⇤]

S`(t)
<latexit sha1_base64="qpW5gWoAlIlIBSy4OaNQxDs4a9U="></latexit>

q` := inf
t2(0,✏⇤]

S`(t)

<latexit sha1_base64="O70aCPkfeWAeUJPCbeiPQ6fV8Bk=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBZBRELSR9ruim5cVrAPSEOZTKft0MkkzEyEUrpx46+4caGIW//BnX/j9AUqeuDC4Zx7ufeeIGZUKtv+NFIrq2vrG+nNzNb2zu6euX/QkFEiMKnjiEWiFSBJGOWkrqhipBULgsKAkWYwvJr6zTsiJI34rRrFxA9Rn9MexUhpqWMet0ksKYs4bFMOPfsCLoXOud8xs7Zlu7lKoQJtyynly3lHk3yuWHFd6Fj2DFmwQK1jfrS7EU5CwhVmSErPsWPlj5FQFDMyybQTSWKEh6hPPE05Con0x7MvJvBUK13Yi4QuruBM/T4xRqGUozDQnSFSA/nbm4p/eV6iemV/THmcKMLxfFEvYVBFcBoJ7FJBsGIjTRAWVN8K8QAJhJUOLqNDWH4K/yeNnOW4VvGmkK1eLuJIgyNwAs6AA0qgCq5BDdQBBvfgETyDF+PBeDJejbd5a8pYzByCHzDevwCHepf9</latexit>

✏ 2 [0, ✏⇤]
<latexit sha1_base64="j1msg738RdfH8iGPrD8epS+0Ryc="></latexit>

1✏
p`  �??�L`

(✏)  2✏
q`

<latexit sha1_base64="O4/vBzs92nY+pkMXRrPDKYXFCJ0="></latexit>

1 :=
�??�L`

(✏⇤)

✏
p`
⇤

<latexit sha1_base64="6ymk3yTgWlqQIDG4/ddd6PbTa1w="></latexit>

2 :=
�??�L`

(✏⇤)

✏
q`
⇤

Definition [Simonenko 1964]. For a proper loss , 
order function  is 

.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="dMUqWZmsBq6XGmVYvdCC76e2Du4="></latexit>

S` : (0, 1] ! R
<latexit sha1_base64="dTTLPzXw1nTUUZ1PNu/mm2dEi/I="></latexit>

S`(t) :=
t(�??�L`

)0(t)

�??�L`
(t)
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● Log loss  
<latexit sha1_base64="Q65aizFDK6c7bVG+N5U/blA5LLE="></latexit>

�(✏) = ( 1+✏
2 ) ln( 1+✏

2 ) + ( 1�✏
2 ) ln( 1�✏

2 ) + ln 2

<latexit sha1_base64="ugcCim2BB/Dg4finq+RhGZfbDZ4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxLxtSy6cVnRPqAJYTK9aYdOJmFmUiihf+LGhSJu/RN3/o3TNgttPXDhcM693HtPmHKmtON8Wyura+sbm6Wt8vbO7t6+fXDYUkkmKTRpwhPZCYkCzgQ0NdMcOqkEEocc2uHwbuq3RyAVS8STHqfgx6QvWMQo0UYKbPsx8IDzqgepYjwRZ4FdcWrODHiZuAWpoAKNwP7yegnNYhCacqJU13VS7edEakY5TMpepiAldEj60DVUkBiUn88un+BTo/RwlEhTQuOZ+nsiJ7FS4zg0nTHRA7XoTcX/vG6moxs/ZyLNNAg6XxRlHOsET2PAPSaBaj42hFDJzK2YDogkVJuwyiYEd/HlZdI6r7lXtcuHi0r9toijhI7RCaoiF12jOrpHDdREFI3QM3pFb1ZuvVjv1se8dcUqZo7QH1ifPwWIk0c=</latexit>

S`(✏)

<latexit sha1_base64="3qgtSsXA8FyL6S54XI7u5Tn8WIw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd3g6yIEvXiMYB6QLGF20psMmZ3dzMwKIeQnvHhQxKu/482/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2Mxt5bd3dvf2CweHdR2nimGNxSJWzYBqFFxizXAjsJkopFEgsBEM7qZ+4wmV5rF8NKME/Yj2JA85o8ZKzWGnjULclDuFoltyZyDLxMtIETJUO4WvdjdmaYTSMEG1bnluYvwxVYYzgZN8O9WYUDagPWxZKmmE2h/P7p2QU6t0SRgrW9KQmfp7YkwjrUdRYDsjavp60ZuK/3mt1ITX/pjLJDUo2XxRmApiYjJ9nnS5QmbEyBLKFLe3EtanijJjI8rbELzFl5dJvVzyLksXD+fFym0WRw6O4QTOwIMrqMA9VKEGDAQ8wyu8OUPnxXl3PuatK042cwR/4Hz+AJC0j6w=</latexit>

q` = 2

<latexit sha1_base64="19L+/MfbI6olZyiKi+FnwLPomVY=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwFZLiayMU3bisYB/QhjCZ3rRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM65h3vnhClnSrvut7Wyura+sVnaKm/v7O5V7P2DlkoySaFJE57ITkgUcCagqZnm0EklkDjk0A5Ht1O//QhSsUQ86HEKfkwGgkWMEm2kwK6kQQ84v645tV4/0Sqwq67jzoCXiVeQKirQCOwvk6NZDEJTTpTqem6q/ZxIzSiHSbmXKUgJHZEBdA0VJAbl57PDJ/jEKH0cJdI8ofFM/Z3ISazUOA7NZEz0UC16U/E/r5vp6MrPmUgzDYLOF0UZxzrB0xZwn0mgmo8NIVQycyumQyIJ1aarsinBW/zyMmnVHO/COb8/q9ZvijpK6Agdo1PkoUtUR3eogZqIogw9o1f0Zj1ZL9a79TEfXbGKzCH6A+vzB96mkpg=</latexit>

p` = 2.2 . . .

Order function

        

<latexit sha1_base64="zOK4TWsBMmBtG5ax16DT6xNp5aI=">AAAB+3icbVDLSgMxFM34rPU11qWbYBFclZnia1l047KCfUBnHDJppg3NJCHJiGXor7hxoYhbf8Sdf2PazkJbD1w4nHMv994TS0a18bxvZ2V1bX1js7RV3t7Z3dt3DyptLTKFSQsLJlQ3RpowyknLUMNIVyqC0piRTjy6mfqdR6I0FfzejCUJUzTgNKEYGStFbiUYISlRVA+I1JQJ/lCP3KpX82aAy8QvSBUUaEbuV9AXOEsJN5ghrXu+J02YI2UoZmRSDjJNJMIjNCA9SzlKiQ7z2e0TeGKVPkyEssUNnKm/J3KUaj1OY9uZIjPUi95U/M/rZSa5CnPKZWYIx/NFScagEXAaBOxTRbBhY0sQVtTeCvEQKYSNjatsQ/AXX14m7XrNv6id351VG9dFHCVwBI7BKfDBJWiAW9AELYDBE3gGr+DNmTgvzrvzMW9dcYqZQ/AHzucPx2yUSQ==</latexit>

2✏
2

Modulus  

             

<latexit sha1_base64="xHvyYsQobcQYpkwcysZ7MWn1Cn4=">AAACCXicbVDLSgMxFM34rPVVdekmWIR2U2aKr41QdOPOCvYB7Vgymds2NJMMSUYopVs3/oobF4q49Q/c+TemD0RbD1w4Oedecu8JYs60cd0vZ2FxaXllNbWWXt/Y3NrO7OxWtUwUhQqVXKp6QDRwJqBimOFQjxWQKOBQC3qXI792D0ozKW5NPwY/Ih3B2owSY6VWBjdD4IbkmhBrxqXI43N8/fO6K+ZbmaxbcMfA88SbkiyaotzKfDZDSZMIhKGcaN3w3Nj4A6IMoxyG6WaiISa0RzrQsFSQCLQ/GF8yxIdWCXFbKlvC4LH6e2JAIq37UWA7I2K6etYbif95jcS0z/wBE3FiQNDJR+2EYyPxKBYcMgXU8L4lhCpmd8W0SxShxoaXtiF4syfPk2qx4J0Ujm+OsqWLaRwptI8OUA556BSV0BUqowqi6AE9oRf06jw6z86b8z5pXXCmM3voD5yPb594mQU=</latexit>

�(✏) = O(✏2)
<latexit sha1_base64="LztgBvP/97wbKhYg7ui6uMApm6U=">AAACF3icbVDLSgMxFM34rPVVdekmWATdDDPF10YounFnBdsKnVoy6W0NzWSG5I5Qhv6FG3/FjQtF3OrOvzF9gM8DgcM593BzT5hIYdDzPpyp6ZnZufncQn5xaXlltbC2XjNxqjlUeSxjfRUyA1IoqKJACVeJBhaFEuph73To129BGxGrS+wn0IxYV4mO4Ayt1Cq4QRsksp0AEiNkrHbpMQ3OI+h+SddZyS0F7RjNYLdVKHquNwL9S/wJKZIJKq3Cu03yNAKFXDJjGr6XYDNjGgWXMMgHqYGE8R7rQsNSxSIwzWx014BuW6VNO7G2TyEdqd8TGYuM6UehnYwY3pjf3lD8z2uk2DlqZkIlKYLi40WdVFKM6bAk2hYaOMq+JYxrYf9K+Q3TjKOtMm9L8H+f/JfUSq5/4O5f7BXLJ5M6cmSTbJEd4pNDUiZnpEKqhJM78kCeyLNz7zw6L87reHTKmWQ2yA84b5+XcZ71</latexit>

�(✏) = ⌦(✏2.2...)

<latexit sha1_base64="/zDv26rFx4CFk/FD6EfLNZswAhA=">AAACKnicbVDJSgNBFOxxN25Rj14ag6CgYSa4HV0uHqMYI2Ri6Om8SRp7FrrfCGGc7/Hir3jJQQle/RB7kiBuBQ1F1Stev/JiKTTa9sCamJyanpmdmy8sLC4trxRX1250lCgONR7JSN16TIMUIdRQoITbWAELPAl17/489+sPoLSIwmvsxdAMWCcUvuAMjdQqnj66gIzuUbfLMKeP1JVAr1ouSLmdC7tf1s5d6vqK8dTJ0kq54rYj1FnWKpbssj0E/UucMSmRMaqtYt8keRJAiFwyrRuOHWMzZQoFl5AV3ERDzPg960DD0JAFoJvp8NSMbhmlTf1ImRciHarfEykLtO4FnpkMGHb1by8X//MaCfrHzVSEcYIQ8tEiP5EUI5r3RttCAUfZM4RxJcxfKe8y0waadgumBOf3yX/JTaXsHJYPLvdLJ2fjOubIBtkk28QhR+SEXJAqqRFOnsgLeSVv1rPVtwbW+2h0whpn1skPWB+fOuOmmQ==</latexit>

|⌘ � ⌘̂|  R`(⌘, ⌘̂)
1

2.2...

Upper bound cannot be 
better than 

<latexit sha1_base64="0Ak+3ERNrErabEsYP9vK9leiq5Q=">AAACA3icbZDJSgNBEIZ74hbjFvWml8YgRJAwE9yOQS8eo5gFMjH0dCpJk56F7hohDAEvvooXD4p49SW8+TZ2loMm/tDw8VcV1fV7kRQabfvbSi0sLi2vpFcza+sbm1vZ7Z2qDmPFocJDGaq6xzRIEUAFBUqoRwqY70moef2rUb32AEqLMLjDQQRNn3UD0RGcobFa2b3blgtS5l1AdkzdHsMRHd0nxWErm7ML9lh0Hpwp5MhU5Vb2y22HPPYhQC6Z1g3HjrCZMIWCSxhm3FhDxHifdaFhMGA+6GYyvmFID43Tpp1QmRcgHbu/JxLmaz3wPdPpM+zp2drI/K/WiLFz0UxEEMUIAZ8s6sSSYkhHgdC2UMBRDgwwroT5K+U9phhHE1vGhODMnjwP1WLBOSuc3pzkSpfTONJknxyQPHHIOSmRa1ImFcLJI3kmr+TNerJerHfrY9KasqYzu+SPrM8fry2W7Q==</latexit>

R`(⌘, ⌘̂)
2
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● Polynomial entropies   
● It reduces to (the associated Bayes risk of) L2 loss when 

<latexit sha1_base64="8osT97iY2lYqVekhgMzfQJ665g4=">AAACKnicbZBNSyNBEIZ7XL82fsX16KUxCHowzIhfl4WsXrypYFTIxFDTqUkaez7orhHCOL9nL/tXvOSgyF79IXbiHDT6QsPLU1VU1xukShpy3Rdn6sf0zOzc/M/KwuLS8kp19deVSTItsCkSleibAAwqGWOTJCm8STVCFCi8Du5ORvXre9RGJvElDVJsR9CLZSgFkEWd6h//LMIebPlIsM1/84eR4Tvcp1CDyL0i3y0ebn1QaX8Cl7DoVGtu3R2LfzVeaWqs1HmnOvS7icgijEkoMKbluSm1c9AkhcKi4mcGUxB30MOWtTFEaNr5+NSCb1rS5WGi7YuJj+nHiRwiYwZRYDsjoL6ZrI3gd7VWRuFRO5dxmhHG4n1RmClOCR/lxrtSoyA1sAaElvavXPTBhkE23YoNwZs8+au52q17B/X9i71a47iMY56tsw22xTx2yBrslJ2zJhPsL3tkT+zZ+ecMnRfn/3vrlFPOrLFPcl7fALgPpk4=</latexit>

⌦(⌘) = |⌘ � 1
2 |

↵ � 1
2↵

<latexit sha1_base64="YHvAjOaWA3LNOkkrD2iB+PejQ34=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjBPPAZAm9k0kyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFGV1GolItQLUTHDJ6oYbwVqxYhgGgjWD0e3Ubz4xpXkkH8w4Zn6IA8n7nKKx0mMHRTxEck0q3WLJLbszkGXiZaQEGWrd4lenF9EkZNJQgVq3PTc2forKcCrYpNBJNIuRjnDA2pZKDJn209nFE3JilR7pR8qWNGSm/p5IMdR6HAa2M0Qz1IveVPzPayemf+WnXMaJYZLOF/UTQUxEpu+THleMGjG2BKni9lZCh6iQGhtSwYbgLb68TBqVsndRPr8/K1VvsjjycATHcAoeXEIV7qAGdaAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gA2YY/5</latexit>

↵ = 2

Reminder

● Implications 
❖ No matter how we modulate , the smallest  is  
❖ The upper order  is tight when  

and we obtain  

<latexit sha1_base64="3MUkKiCoiAzY5Y40sOOBicuGr2A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mY2Z1lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqyhpUCqnaAWomeMwahhvB2oliGAWCtYLR7dRvPTGluYwfzDhhfoSDmIecorFSs4siGWKvXHGr7gxkmXg5qUCOeq/81e1LmkYsNlSg1h3PTYyfoTKcCjYpdVPNEqQjHLCOpTFGTPvZ7NoJObFKn4RS2YoNmam/JzKMtB5Hge2M0Az1ojcV//M6qQmv/YzHSWpYTOeLwlQQI8n0ddLnilEjxpYgVdzeSugQFVJjAyrZELzFl5dJ86zqXVYv7s8rtZs8jiIcwTGcggdXUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AY7BjyI=</latexit>↵
<latexit sha1_base64="Xli4Jk50zmg5FBiAQ984tQSMo0k=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuykNxkzO7vOzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUaj90OCtEtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IRXfsZlkhqUbLYoTAUxMZm8TnpcITNiZAllittbCRtQRZmxARVtCN78y4ukcVrxLirnd2fl6nUeRwEO4QhOwINLqMIt1KAODB7gGV7hzYmdF+fd+Zi1Ljn5zAH8gfP5A5l8jyk=</latexit>q`

<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2
<latexit sha1_base64="bTejFfzNfL6Hv1LDn+7ZDKFfsqM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6Vm0usi571yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8AZfzjyg=</latexit>p`

<latexit sha1_base64="YHvAjOaWA3LNOkkrD2iB+PejQ34=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjBPPAZAm9k0kyZHZ2mZkVwpK/8OJBEa/+jTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFGV1GolItQLUTHDJ6oYbwVqxYhgGgjWD0e3Ubz4xpXkkH8w4Zn6IA8n7nKKx0mMHRTxEck0q3WLJLbszkGXiZaQEGWrd4lenF9EkZNJQgVq3PTc2forKcCrYpNBJNIuRjnDA2pZKDJn209nFE3JilR7pR8qWNGSm/p5IMdR6HAa2M0Qz1IveVPzPayemf+WnXMaJYZLOF/UTQUxEpu+THleMGjG2BKni9lZCh6iQGhtSwYbgLb68TBqVsndRPr8/K1VvsjjycATHcAoeXEIV7qAGdaAg4Rle4c3Rzovz7nzMW3NONnMIf+B8/gA2YY/5</latexit>

↵ = 2
<latexit sha1_base64="cu9Et9diLPFFrxMHJTHPShlKNDQ=">AAACF3icbZDLSgNBEEV74ju+Rl26aQxCBA0z4mspunGpYkwgM4aeTk3SpOdBd40Qon/hxl9x40IRt7rzb+yJQTRa0HC4t4rqukEqhUbH+bAKY+MTk1PTM8XZufmFRXtp+VInmeJQ5YlMVD1gGqSIoYoCJdRTBSwKJNSC7nHu165BaZHEF9hLwY9YOxah4AyN1LQrNx4go1vU6zDM8YZ6Euh50wMpy7mw+W1tXG037ZJTcQZF/4I7hBIZ1mnTfvdaCc8iiJFLpnXDdVL0+0yh4BJui16mIWW8y9rQMBizCLTfH9x1S9eN0qJhosyLkQ7UnxN9FmndiwLTGTHs6FEvF//zGhmGB35fxGmGEPOvRWEmKSY0D4m2hAKOsmeAcSXMXynvMMU4miiLJgR39OS/cLldcfcqu2c7pcOjYRzTZJWskTJxyT45JCfklFQJJ3fkgTyRZ+veerRerNev1oI1nFkhv8p6+wSYsJ5U</latexit>

|⌘ � ⌘̂|  R`(⌘, ⌘̂)
2



/32Summary
● Proper loss: a reasonable loss for probabilistic estimation 

 
● L1 regret bound is characterized by modulus of convexity 

 
❖ Useful for unifying regret bounds of many downstream tasks

Definition.  is strictly proper iff  for all .<latexit sha1_base64="x8agR6vDAQK0+V43kkngwQrqp34=">AAAB+nicdVDLSgNBEJyNrxhfGz16GQyCgiy7ieZxC3rxqGBUyIYwO+kkQ2YfzPQqIeZTvHhQxKtf4s2/cRIjqGhBQ1HVTXdXkEih0XXfrczc/MLiUnY5t7K6tr5h5zcvdZwqDg0ey1hdB0yDFBE0UKCE60QBCwMJV8HgZOJf3YDSIo4ucJhAK2S9SHQFZ2iktp33Qcq94QH1+wx9QLbftguu45aLtcMadR2vUqqWPENKxaNauUw9x52iQGY4a9tvfifmaQgRcsm0bnpugq0RUyi4hHHOTzUkjA9YD5qGRiwE3RpNTx/TXaN0aDdWpiKkU/X7xIiFWg/DwHSGDPv6tzcR//KaKXarrZGIkhQh4p+LuqmkGNNJDrQjFHCUQ0MYV8LcSnmfKcbRpJUzIXx9Sv8nl0XHKztH54eF+vEsjizZJjtkj3ikQurklJyRBuHkltyTR/Jk3VkP1rP18tmasWYzW+QHrNcPiHKTkQ==</latexit>

`(y, ⌘̂)
<latexit sha1_base64="Hj8jKHPIxS9pAHRshDR1wNJK9tQ="></latexit>

L`(⌘, ⌘̂) = L`(⌘) () ⌘̂ = ⌘
<latexit sha1_base64="32tVuKxRwoeFMmg3s4MaQgiI/DA=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwISHpI213RTcuK9hWSGKZTCft0MkkzEyUEvofblwo4tZ/ceffOH0IKnrgwuGce7n3niBhVCrL+jByK6tr6xv5zcLW9s7uXnH/oCvjVGDSwTGLxU2AJGGUk46iipGbRBAUBYz0gvHFzO/dESFpzK/VJCF+hIachhQjpaVbjygEPcqha53Zfr9YskzLKTerTWiZdr3SqNiaVMq1puNA27TmKIEl2v3iuzeIcRoRrjBDUrq2lSg/Q0JRzMi04KWSJAiP0ZC4mnIUEeln86un8EQrAxjGQhdXcK5+n8hQJOUkCnRnhNRI/vZm4l+em6qw4WeUJ6kiHC8WhSmDKoazCOCACoIVm2iCsKD6VohHSCCsdFAFHcLXp/B/0i2btmPWrqql1vkyjjw4AsfgFNigDlrgErRBB2AgwAN4As/GvfFovBivi9acsZw5BD9gvH0CMrSRsg==</latexit>

⌘ 2 [0, 1]

<latexit sha1_base64="lbjNDUBQED4oDjT0JsPCtlH2AeY="></latexit>

L`(⌘, ⌘̂) = ⌘`(1, ⌘̂) + (1� ⌘)`(0, ⌘̂)
<latexit sha1_base64="jm9MBT2PQy3Po9TWJD0prGE4WME="></latexit>

L`(⌘) = inf
⌘̂2[0,1]

L`(⌘, ⌘̂)

Theorem. For a proper loss , for all , 

.

<latexit sha1_base64="4M+UhW0QU2g8fgVeiYjqH4s6p3Y="></latexit>

` : {0, 1}⇥ [0, 1] ! R�0
<latexit sha1_base64="EUOLulqGZ6gM5nouYTaM7Q3hqWA=">AAACAnicdVDLSgNBEJz1GeMr6km8DAbBQ1h2884t6MVjBBOF7BJmJ5NkyOzsMtMrhBC8+CtePCji1a/w5t84eQgqWtBQVHXT3RXEgmtwnA9raXlldW09tZHe3Nre2c3s7bd0lCjKmjQSkboJiGaCS9YEDoLdxIqRMBDsOhieT/3rW6Y0j+QVjGLmh6QveY9TAkbqZA49BiSHvQGBKcMel7jt5LDrdzJZx3bK+Vqxhh3brRSqBdeQQr5UK5exazszZNECjU7m3etGNAmZBCqI1m3XicEfEwWcCjZJe4lmMaFD0mdtQyUJmfbHsxcm+MQoXdyLlCkJeKZ+nxiTUOtRGJjOkMBA//am4l9eO4Fe1R9zGSfAJJ0v6iUCQ4SneeAuV4yCGBlCqOLmVkwHRBEKJrW0CeHrU/w/aeVtt2yXLovZ+tkijhQ6QsfoFLmoguroAjVQE1F0hx7QE3q27q1H68V6nbcuWYuZA/QD1tsnAgeV7A==</latexit>

⌘, ⌘̂ 2 [0, 1]
<latexit sha1_base64="kkdR3/jHCPrg5tQ2yJ0t1txWlkM="></latexit>

��L`
(|⌘ � ⌘̂|)  R`(⌘, ⌘̂)
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<latexit sha1_base64="GQuMYZhMmwPAndQ0tTFN44pZFYg=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV3V6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfFmMvg==</latexit>

0
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="/Lc1OkumJoJlABRfGMNjUR3rmxo=">AAAB83icbVDJSgNBEK2JW4xb1KOXxiB4CjPB7Rj04jGCWSAzhJ5OT9KkZ6G7RgjD/IYXD4p49We8+Td2kjlo4oOCx3tVVNXzEyk02va3VVpb39jcKm9Xdnb39g+qh0cdHaeK8TaLZax6PtVcioi3UaDkvURxGvqSd/3J3czvPnGlRRw94jThXkhHkQgEo2gk18VAUZY5edbIB9WaXbfnIKvEKUgNCrQG1S93GLM05BEySbXuO3aCXkYVCiZ5XnFTzRPKJnTE+4ZGNOTay+Y35+TMKEMSxMpUhGSu/p7IaKj1NPRNZ0hxrJe9mfif108xuPEyESUp8ogtFgWpJBiTWQBkKBRnKKeGUKaEuZWwMTUpoImpYkJwll9eJZ1G3bmqXz5c1Jq3RRxlOIFTOAcHrqEJ99CCNjBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AEWO5G7</latexit>

1
2

<latexit sha1_base64="NwTVhUwpMxoGcj0+kwjDlfTQ8uE=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7E6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTAQ36HnfTmlldW19o7xZ2dre2d2r7h88mjjVDFosFrHuhNSA4ApayFFAJ9FAZSigHY5vc7/9BNrwWD3gJIFA0qHiEWcUc6kHSPvVmlf3ZnCXiV+QGinQ7Fe/eoOYpRIUMkGN6fpegkFGNXImYFrppQYSysZ0CF1LFZVggmx269Q9scrAjWJtS6E7U39PZFQaM5Gh7ZQUR2bRy8X/vG6K0XWQcZWkCIrNF0WpcDF288fdAdfAUEwsoUxze6vLRlRThjaeig3BX3x5mTye1f3L+sX9ea1xU8RRJkfkmJwSn1yRBrkjTdIijIzIM3klb450Xpx352PeWnKKmUPyB87nDwwijkI=</latexit>⌘
<latexit sha1_base64="+wR1h/q23PNsX9ikP1ShLtnXrVo=">AAAB73icbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68RjBLJAZQk+nJmnS0zN21whhyE948aCIV3/Hm39jZzlo4oOCx3tVVNULUykMuu63U1hZXVvfKG6WtrZ3dvfK+wdNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohcPbid96Am1Eoh5wlEIQs74SkeAMrdT2Bwx9QNYtV9yqOwVdJt6cVMgc9W75y+8lPItBIZfMmI7nphjkTKPgEsYlPzOQMj5kfehYqlgMJsin947piVV6NEq0LYV0qv6eyFlszCgObWfMcGAWvYn4n9fJMLoOcqHSDEHx2aIokxQTOnme9oQGjnJkCeNa2FspHzDNONqISjYEb/HlZdI8q3qX1Yv780rtZh5HkRyRY3JKPHJFauSO1EmDcCLJM3klb86j8+K8Ox+z1oIznzkkf+B8/gAUkJAD</latexit>

⌘̂

<latexit sha1_base64="lsOQWYzsC29LwujZy9SWQR3udwM=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5oHZJcxOOsmQ2dllplcIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rCbQRsXrAcQJBxAZK9AVnaKVHf8jQB2Rdr1uuuFV3BrpMvJxUSI56t/zl92KeRqCQS2ZMx3MTDDKmUXAJk5KfGkgYH7EBdCxVLAITZLOLJ/TEKj3aj7UthXSm/p7IWGTMOAptZ8RwaBa9qfif10mxfx1kQiUpguLzRf1UUozp9H3aExo4yrEljGthb6V8yDTjaEMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iOSLH5JR45IrUyB2pkwbhRJFn8kreHOO8OO/Ox7y14OQzh+QPnM8fP4KQpw==</latexit>

⌘̂1
<latexit sha1_base64="GrrjnJlcVQuhvVRifMtvynDS0go=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xj04jGCeWB2Cb2T2WTI7Owy0yuEkL/w4kERr/6NN//GSbIHTSxoKKq66e4KUykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk04w2WyES3QzBcCsUbKFDydqo5xKHkrXB4O/VbT1wbkagHHKU8iKGvRCQYoJUe/QGgzxG61W6p7FbcGegy8XJSJjnq3dKX30tYFnOFTIIxHc9NMRiDRsEknxT9zPAU2BD6vGOpgpibYDy7eEJPrdKjUaJtKaQz9ffEGGJjRnFoO2PAgVn0puJ/XifD6DoYC5VmyBWbL4oySTGh0/dpT2jOUI4sAaaFvZWyAWhgaEMq2hC8xZeXSbNa8S4rF/fn5dpNHkeBHJMTckY8ckVq5I7USYMwosgzeSVvjnFenHfnY9664uQzR+QPnM8fQQaQqA==</latexit>

⌘̂2

<latexit sha1_base64="yiFmPpuY1CLtmu2X/+KE0A9V1vQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJmdnaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2eVIe9VeqexW3BnIMvFyUoYc9V7pq9uPWRpxhUxSYzqem6CfUY2CST4pdlPDE8pGdMA7lioaceNns2sn5NQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+5lQSYpcsfmiMJUEYzJ9nfSF5gzl2BLKtLC3EjakmjK0ARVtCN7iy8ukWa14l5WL+/Ny7SaPowDHcAJn4MEV1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8ATVWjuc=</latexit>⌘2
<latexit sha1_base64="8W/w2LAruo9O2oSQgLzjGHhUh/M=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9oapkqig0quVTtkGjkTGDDMMOxnSgkccixFY5up37rCZVmUjyYcYJBTAaCRYwSY6VmFw3p+b1yxat6M7jLxM9JBXLUe+Wvbl/SNEZhKCdad3wvMUFGlGGU46TUTTUmhI7IADuWChKjDrLZtRP3xCp9N5LKljDuTP09kZFY63Ec2s6YmKFe9Kbif14nNdF1kDGRpAYFnS+KUu4a6U5fd/tMITV8bAmhitlbXTokilBjAyrZEPzFl5dJ86zqX1Yv7s8rtZs8jiIcwTGcgg9XUIM7qEMDKDzCM7zCmyOdF+fd+Zi3Fpx85hD+wPn8ATPSjuY=</latexit>⌘1
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