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Probabilistic prediction

® |s the beer delicious (Y =1) or not forme (Y =0) 7

Unobservable

- . Y — 1 v
= Make them similar
E——— — or —
Y=20 Yy=1 Y=0
Input x Estimate 1) Observation Y True n

® \We make a decision 7 that is as close to true n =P(Y = 1] x) as possible
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® |s the beer delicious (Y =1) or not forme (Y =0) 7

Q. How to measure

the closeness? Unobservable

: — 9w
\Vake them similar Y =1@

——> or —

: Y =0 &

: Y=1 Y=0
INput x b Observation Y True n

® \We make a decision 1 that I1s as close to true n =P(Y =1 | x) as possible
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Formulation | Probabilistic prediction

® Input: sample {(x:,¥i) }iem) With binary outcome y; € {1,0}

® Goal: to estimate n(x) =P(Y =1 | x)
< Output: n: X — [0, 1] such that 7 = 7

—J_l_
Y=1 Y=0

INnput x Estimate 7

® Challenge: no observation of n(x;)

% It is important to compute dist(n(x), 7(x)) with only 77 and ¥y dist(7, 1) ¢

Yy=1 Y=0 Yy=1 Y=0

Estimate 7 True M




Probabilistic predictions everywhere ! ez

® Having estimated n(x) = P(Y =1 | x), many downstream tasks can be solved

® Case 1 (classification): f*(x) = sign(n(x) — 3)

X ——— 1) — _T

Elkan, Charles. The foundations of cost-sensitive learning. Proceedings of the 17th International Joint Conference on Artificial Intelligence, 2001.
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Probabilistic predictions everywhere

® Having estimated n(x) = P(Y =1 | x), many downstream tasks can be solved

® Case 1 (classification): f*(x) = sign(n(x) — 3)

R Y=1 Y=0
X —— 17 — " |jm |
Y=1 Y=0 1
2
® Case 2 (cost-sensitive classification): f"(x) = sign(n(x) — ¢) [Elkan 2001]
< Cost for false positives = ¢
Y=1 Y=0

|
!

X ——— 1]

Elkan, Charles. The foundations of cost-sensitive learning. Proceedings of the 17th International Joint Conference on Artificial Intelligence, 2001.
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Probabilistic predictions everywhere

® Having estimated n(x) = P(Y =1 | x), many downstream tasks can be solved

® Case 3 (bipartite ranking): Higher score tor positive examples than negative examples

& [*(x) = 1(n(x)) (¢ : some monotonic transform)

Chow., C. K. On optimum recognition error and reject tradeoff. IEEE Transactions on Information Theory, 16(1):41-46, 1970.
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Probabilistic predictions everywhere

® Having estimated n(x) = P(Y =1 | x), many downstream tasks can be solved

® Case 3 (bipartite ranking): Higher score tor positive examples than negative examples

% f(x) = t(n(x)) (¢ : some monotonic transform)

®

® Case 4 (learning with rejection): Agent is allowed to defer decisions to human with cost ¢

I 1 ifc<nx)<1-—c
o X) = : :
sign(n(x) — %) otherwise Chow 1970

C 1 —c

——

1
2

Chow., C. K. On optimum recognition error and reject tradeoff. IEEE Transactions on Information Theory, 16(1):41-46, 1970.
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Questions

® How to compute dist(n(x),7(x)) with only n and y ?

I dist (7, 7) I ¢
ey

Y=1 Y=0 Y=1 Y=0
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Questions

® How to compute dist(n )) with only 7 and y ?
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Y=1 Y=0 Y=1 Y=0

Proper Losses

® How useful is probability estimate 7 for a downstream task?

X Y=1 Y=0

Y=1Y=0

2
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Questions
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Questions

® How to compute dist(n(x),7(x)) with only 7 and y ?

I dist( n n) I ® How to derive surrogate regret bounds”

Proper Losses, Moduli of Convexity,
and Surrogate Regret Bounds

® How useful is probability estimate 7 for a downstream task?

X Y=1 Y=0

Y=1Y=0

2
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® Q. How should we assess probability estimates?

“ Proper losses

® Q. How can estimated probabilities be used for other tasks?

“ Regret bounds

® Q. How to compare different loss functions?

*» Order function of modul

I dist(n, 7)) §.S

Proper Losses

Estimate 7 True M




Proper losses

® How to compute dist(n(x), n(x)) with only n and y ? I dist (7, ) I ¢

% Challenge: no observation of n(x;) y=1 Y=0 Y=1 Y=0

Estimate 7 True 7
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Proper losses
® How to compute dist(n(x),n(x)) with only 7 and y 7 I dist(n, 7) ¢

% Challenge: no observation of n(x;)

® Loss function £(y,7) Estimate 7 True 0

< Define loss function for y € {1, 0} separately

—In(1 —7n)

< Example (log loss): £(y,n) = { In(l—7n) ify=0

—In7 ity =1 ((1,9) = —In7 ¢(0,1)




Proper losses

® How to compute dist(n(x),7(x)) with only n and y ?

% Challenge: no observation of n(x;)

® | oss function £(y,n)

< Define loss function for y € {1, 0} separately

— In7 it y=1
—In(1—n) ify=0

< Example (log loss): £(y,n) = {

@ dist(n(x),n(x)) can be assessed via expected loss

2 x ) UY.(X)) = Ex [By x €Y, 7(X))]

dist(n,7) §'S

—

Y=1 Y=0 Y=1 Y=0

Estimate 7 True n
£(1,7) = —In7 (0,7) = —In(1 — )
0 Z 0
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Proper losses
dist(n, ) 5'5

® How to compute dist(n(x),7(x)) with only n and y ?

—
% Challenge: no observation of 1(x;) Y—1 V=0 R
® L oss function £(y,7) Estimate 7) True 7
< Define loss function for y € {1, 0} separately
—In7 if y =1 3 = —In A ) — —In(1 — 7
% Example (log oss): £(y. 1) = 1 A 1 Y ((1,7) In7) £(0,7) = —In(1 — 7)
—In(1—n) ify=0
@ dist(n(x),n(x)) can be assessed via expected loss
2 x ) (Y, 7(X)) = Ex |Eyx (Y, 7(X))] ; : )




Proper losses
® How to compute dist(n(x),n(x)) with only 7 and y 7 dist(n, 7) I ¢

% Challenge: no observation of n(x;)

Y=1 Y=0 Y=1 Y=0
® L oss function £(y,1) Estimate 7 True 7
< Define loss function for y € {1, 0} separately
— In 7 ify=1 N = —Ind ) — 7
% Example (log oss): £(y. 1) = 1 A 1 Y ((1,7) In 7) £(0,7) = —In(1 —n)
—In(1—n) ify=0
@ dist(n(x),n(x)) can be assessed via expected loss
L) (Y, 1(X)) = Ex [Ey x €Y, 7(X))] 0 : 0
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Proper losses

® Q. What conditions should #(y,n) satisfy?

< Minimization of dist(n, 1) should lead to 1 =~ 1

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).
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Proper losses

® Q. What conditions should #(y,n) satisfy?

< Minimization of dist(n, 1) should lead to 1 =~ 1

Definition [Buja et al., 2005]. 4(y,7n) is proper when L¢(n,n) = L,(n) for all n € |0, 1].

/ \
—
Conditional risk Le(n,7n) = nf(1,9) + (1 — n)£(0,7) Bayes risk Ly(1) = ﬁei%fﬂ Le(n,7)

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).
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Proper losses

® Q. What conditions should #(y,n) satisfy?

< Minimization of dist(n, 1) should lead to 1 =~ 1

Definition [Buja et al., 2005]. 4(y,7n) is proper when L¢(n,n) = L,(n) for all n € |0, 1].

- -

A

Conditional risk L¢(n,n) = né(1,n Bayes risk Ly(n) = ﬁeil[%)fl] Le(n,n)

< 1) = 1 minimizes conditional risk

% We say £(y,7) is strictly proper if the minimizer is unigque

Buja, Andreas, Werner Stuetzle, and Yi Shen. Loss functions for binary class probability estimation and classification: Structure and applications. (2005).
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Proper losses

® Q. How to test properness?

Theorem [Savage 1971]. ¢ is proper iff L, is concave and
L(n,7) = Le(n) + (n — 1)L (1) for all m,7 € (0,1),

Theorem [Agarwal 2014]. ¢ is strictly proper iff L, is strictly concave.

Definition. ¢(y,7) is strictly proper iff Ly(n,n) = L,(n) <= 1 =mn for all n € [0,1].

nf(1,7) + (1 —n)€0,7) L,(m)= inf Le(n,n)
nel0,1]

Savage, Leonard J. Elicitation of personal probabilities and expectations. Journal of the American Statistical Association 66.336 (1971): 783-801.
Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014). 1653-1674.
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Proper losses

® Q. How to test properness?

Theorem [Savage 1971]. ¢ is proper iff L, is concave and
L(n,7) = Le(n) + (n — 1)L (1) for all m,7 € (0,1),

Theorem [Agarwal 2014, ¢ is strictly proper iff L, is strictly concave.

® =] Check strict concavity of L,

A

® [«<] For a concave H :[0,1] — R, loss 4(y,n) = H(H) + (y — n)H' (1) IS proper

“ Remark: proper loss and concave function are closely related

Definition. ¢(y,7) is strictly proper iff Ly(n,n) = L,(n) <= 1 =mn for all n € [0,1].

né(1,7) + (1 —n)€(0,n) L,(n) = inf Ly(n,n)
n€(0,1]

Savage, Leonard J. Elicitation of personal probabilities and expectations. Journal of the American Statistical Association 66.336 (1971): 783-801.
Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014). 1653-1674.




Examples | log loss

A

— In7 ity=1

® Log loss 4(y,n) = {

—In(1—7n) ify=0
® Conditional risk L;,(n,7) = —pln7 — (1 — n) In(1 — 7) /\

% Binary cross-entropy 0 1 0 1 0

® Bayes risk L,(n) = —nlnn— (1 —n)In(1 — n)
< Shannon entropy

® | og loss Is strictly proper because Shannon entropy Is strictly concave

Definition. ¢(y,7) is strictly proper iff Ly(n,n) = L,(n) <= 1 =mn for all n € [0,1].

né(1,7) + (1 —n)€(0,n) L,(n) = inf Ly(n,n)
n€(0,1]




Examples | L2 loss

((1,7) = (1 —n)* 0(0,79) = 7° L(n)

A2 if ey =
® |2 |oss z(y,ﬁ):{(}z )7 ity =1

7 it y=20
® Conditional risk L,(n,%) = n(1 —0)* + (1 — )7’ /\

@ Bayes risk L,(n) = n(1 —n)

2 GINnl Index

® | ? loss Is strictly proper because Gini index I1s strictly concave

Definition. ¢(y,7) is strictly proper iff Ly(n,n) = L,(n) <= 1 =mn for all n € [0,1].

né(1,7) + (1 —n)€(0,n) L,(n) = inf Ly(n,n)
n€(0,1]




Examples | L1 loss

A

® L1 loss U(y,7) = {1 —

0, it y =20
® Conditional risk L,(n,n) =n(1 —%) + (1 — n)7 /\

® Bayes risk L,(n) = max{n,1 —n} 0 1 0 1 0

ify=1

® || loss Is not strictly proper nor proper

(L,(n) is not strictly concave) k
Ui Ui

AN

Theorem. ¢ is proper iff L, is concave and L(n,n) = L,(

Theorem. ¢ is strictly proper iff L, is strictly concave.




Outline Mz

® Q. How should we assess probability estimates?

“ Proper losses

® Q. How can estimated probabilities be used for other tasks?

% Regret bounds

® Q. How to compare different loss functions?

*» Order function of modul

I dist(n, 7)) §.S

Yy=1 Y=0 Yy=1 Y=0

Surrogate Regret Bounds Estimate 7 True 7
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Proper loss vs. downstream tasks?

® Formulation of probability estimation: Xmil[% [ Ex Le(n(X),n(X))]
7: X — [0,

® Q. How much does estimated 7 perform well for downstream tasks?

s Classification

R Y=1 Y =0  emmmmmmmmmaaaa- .
—— ’ . A *
n | L osien(i—3)
Y=1 Y=0

----------------

Q. How good are

< Ranking the plug-in estimators?

A
Y=1 Y=0

----------------
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How to relate a proper loss with downstream tasks?

Out attempt: to derive L1 regret bound

n — | < (Re(n, 7)) for regret Re(n,n) = Le(n,7) — Ly(n)

® \Why”? Because the optimality of downstream tasks can be bounded by |n — 7|
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How to relate a proper loss with downstream tasks?

Out attempt: to derive L1 regret bound

n — | < (Re(n, 7)) for regret Re(n,n) = Le(n,7) — Ly(n)

® \Why”? Because the optimality of downstream tasks can be bounded by |n — 7|

® Classification Ro1(n,1) = |n — 5|[ min{n, 7} < 3 <max{n,n}] <|n—=a] [Menon et al. 2013)

n
._| Penalized
1

A

11 | Ua
e \ Not penalized | ]
1 0 %

-
N | =—t—

Menon, Aditya Krishna, et al. On the statistical consistency of algorithms for binary classification under class imbalance. ICML (2013).
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How to relate a proper loss with downstream tasks?

Out attempt: to derive L1 regret bound

n —n| < Y(Re(n,n)) for regret Re(n,7) = Le(n,1) — L,(n)

® \Why”? Because the optimality of downstream tasks can be bounded by |n — 7|

® Classification Ro1(n,1) = |n — 5|[ min{n, 7} < 3 <max{n,n}] <|n—=a] [Menon et al. 2013)

71 7 7

| oo \ | | o \

| Not penalized | ] Penalized
0 % 1 0 % 1

® Ranking Rrank (11, M2, M1, M2) = [m — 2|1 — 72)(m —n2) < O] < g — | + 2 — M2]  [Agarwal 2014]

mn 72 m 72
—A——A—0—0— Not penalized —A——A—0—0— Penalized

A A

m 1o 2 T

Menon, Aditya Krishna, et al. On the statistical consistency of algorithms for binary classification under class imbalance. ICML (2013).

Agarwal, Shivani. Surrogate regret bounds for bipartite ranking via strongly proper losses. Journal of Machine Learning Research 15 (2014). 1653-1674.



Motivation of our work

Out attempt: to derive L1 regret bound

Regret

n —n| < Y(Re(n,n)) for regret Re(n,7) = Le(n,1) — L,(n)

oound reads:

MINIMIZI

ng regret R, amounts to be optimizing downstream performance via [n — 1

® NMotivation 1: to avoid deriving regret bounds for each task independently

® Motivation 2: to get more insight into relationship between a proper loss and ¢

® Consequently, we ask

< Any loss performs universally well for various tasks”?

+ Which loss entails faster rate”

20/32
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Preparation | Moduli of convexity

Definition. For a convex function Q:1[0,1] — R, its modulus of convexity is

> { (77); () Q(?Hn) D> el

n,1€(0,1] 2

/

® Moduli = the minimum Jensen gap ot a convex function

< Qs strictly convex iff dq(€) >0 Ve > 0

< Generalization of strongly convex functions with dq(€) = %e2

‘Jensen Gap‘
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Main theorem | Regret upper bounds

Theorem. For a proper loss ¢:{0,1} x [0,1] — R, for all n,% € [0, 1],

5_L£(|77 — 77‘) < Ré(%ﬁ).

® Monotone function é_r, governs L1 regret bound (—L,: convex)

® Corollary. Regret bounds for downstream tasks

< Classification Rp1(n,n) < (5** ) 1(R£(77>77))

< Ranking Ryank (11, M2, 71, 72) < (5*16)_1(}36(771»771)) (07,)" H(Re(n2,72))

(45" Is convex biconjugate, and hence convex)

Regret Ry(n,n) = Le(n,n) — Ly(n)

Conditional risk Lg(n,n) = nf(1,%) + (1 — n)€(0,n) Bayes risk L,(n) = ﬁei%fl] L¢(n,1)
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Proof sketch

Theorem. For a proper loss £:{0,1} x [0,1] — Rxq, for all n,7 € [0, 1],

5_L£(|77 — 77‘) < Re(%ﬁ).

® Modulus is bounded by Jensen-Bregman divergence

5.1 (6) < —Le(U)Q— L,(1) I, (n—;ﬁ) — J_p (0.7

® Regret of proper loss = Bregman divergence

RE(”? ﬁ) — _Lé(ﬁ) T Lﬁ(n) + (ﬁ o U)L%(Tl) — - B—Lg (777 ﬁ)

A

® It is sufficient to show J_,(n,%) < B_g,(n, 1)

“ EBEvident from figure




Examples

® | ” loss

\\\~____’,/"

Negative Bayes risk
Qn) =n(n —1)

0.0

0.5

1.0

24 5,
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Examples

® | ” loss

'\\\~____’,/’

Negative Bayes risk
Qn) =n(n —1)
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Examples

O I_Z 0SS O I_Og l0SsS

'\\\~____’,/’

Negative Bayes risk
Q(n) =n(n—1) Q(n) =nlnn+ (1 —n)In(1 —n)

0.0 0.5 1.0 0.0 0.5 1.0

1.0

Moulus of convexity
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Examples

O I_Z 0SS O I_Og l0SsS

'\\\~____’,/’

Negative Bayes risk

Q(n) =n(n—1) Q(n) =nlnn+ (1 —n)In(1 —n)
1.0 5(6) — (1—2|—e) ln( 1—2|—e) _

Moulus of convexity - (359 In(35€) +1n 2
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Examples

® |2 |oss ® L og loss ® txponential (Boosting) loss

'\\\~____’,/’

Negative Bayes risk

Q(n) =n(n—1) Q(n) =nlnn+ (1 —n)In(1 - n)
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
1.0 5(6) — (1—2|—e)1n( 1—2|—e) _

Moulus of convexity - (359 In(35€) +1n 2
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Examples

® |2 |oss ® L og loss ® txponential (Boosting) loss

'\\\~____’,/’

Negative Bayes risk
Q(n) =n(n—1) Q(n) =nlnn+ (1 —n)In(1 —n)

0.0 0.5 1.0 0.0 0.5 1.0

5(e) = (4<) In( ) -
Moulus of convexity
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Examples

® | ” loss

N~ —

Negative Bayes risk ) A
0—r,(In—11) < Re(n,n).
Q(n) =n(n —1)

Theorem. For a proper loss ¢ : {0,1} x [0,1] — R>q, for all n,7 € [0, 1],

0.0 0.5 10

1.0

Moulus of convexity

0.51 o(€) = —
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Examples

®| | |oss

Theorem. For a proper loss ¢: {0,1} x [0,1] = R>g, for all n,7 € [0, 1],
0—r,(|n—n]) < Re(n,n)

0.0 0.5 10

0(e) = max{0,e — =}

0.51 ) ) 1
/ — ‘77 — 77| < RE(U,U) | 5 (vacuous)




Outline =l

® Q. How should we assess probability estimates?

“ Proper losses

® Q. How can estimated probabilities be used for other tasks?

“ Regret bounds

® Q. How to compare different loss functions?

*»» Order function of modul

Estimate 7 True M




Can we obtain more meaningful bounds? “Sp

® || regret bounds are characterized by modul

1.0 1.0

< Moduli are not friendly for us

® Q. Can we evaluate moduli by polynomials?

% For some r, R, € < d(e) <€




Polynomial bounds of moduli 2952

Definition [Simonenko 1964]. For a proper loss £ : {0,1} x [0,1] — R>y,

order function S : (0,1] = R is

L0,

"(t
Sy(t) := 6*:*523 )

® Order function tells how many orders polynomial

approximation of 67, is at a given point ¢

< Take a point €”

< Take sup and inf in |0, €"| to define py and ¢,

Example for log loss

% pe and gy provides us polynomial bounds and thelir orders

lgor Borisovich Simonenko. Interpolation and extrapolation of linear operators in Orlicz spaces. Matematicheskii Sbornik, 105(4):536—553, 1964.



Polynomial bounds of moduli

Definition [Simonenko 1964]. For a proper loss £ : {0,1} x [0,1] — R>y,

order function Sy : (0,1] = R is

LS ) (1
o= (5**;275; :

14

Theorem. For a strictly proper loss ¢: {0,1} x [0,1] = R>,

e« € (0,1], define pe := sup Se(t) and qo:= inf Sy(t).
t€(0,€4] t€(0,€4]

Then, for all € € [0, €], we have

Dy * X qe
K1ebt < €) < Ko€E
1 T 5_L£( ) - - /

07 (e 07" (€4)
where k; := %%E b and kg = iée(

€ x

30/32
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Examples

®logloss §(€) = (22 In(+E€) + (£59) In(15€) + In 2

2 2 2 2
Se(e)
Py — 2.2...
N\ N\ 1
n =0l < Re(n,h)72-
Upper bound cannot be
0 petter than|Re(n, H)*

N
~
N
~
~
~
s
~ o -
.- -—
------

Order function
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Examples

- - o ! «Legend»
® Polynomial entropies Q(n) = |n — 3|* — 55 )
P K1€
® |t reduces 1o | 2 loss when a = 2 Al
2.6 Ofr (€)
Al
2.4 q Iﬁ)z&?q
® Implications
. 2.2 o
< No matter how we modulate «, the smallest ge Is 2 l «
< The upper order p¢ is tight when a = 2 2.0 o

and we obtain |1 — 0| < Re(n,A)?

Reminder

® (<] For a concave H : [0,1] — R, loss £(y,n) = H(7) + (y — 7)H'(7) Is proper

% Remark: one-to-one correspondence between proper loss and concave function
B




Summary >

® Proper loss: a reasonable loss for probabllistic estimation

Definition. ¢(y,n) is strictly proper iff Ly(n,7) = L,(n) <= 1 =n for all n € [0,1].

(1 —mn)€(0,n) L,(n) = inf Ly(n,n)
ne(0,1]

® |1 regret bound is characterized by modulus of convexity

Theorem. For a proper loss £:{0,1} x [0,1] — Rxq, for all n,7 € [0, 1],
0—r,(|n—n]) < Re(n,n)

< Useful for unifying regret bounds of many downstream tasks

A

Ui Ui
Classification I A Il 0—| Ranking Y Y P —
: 1 2




