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■ Our focus: binary classification

seemingly sensible classifier unreasonable classifier

Accuracy can’t detect unreasonable classifiers 
under class imbalance!



accuracy: 0.8

Is accuracy appropriate?
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accuracy: 0.8

positive negative

F-measure: 0.75 F-measure: 0

𝖳𝖯 = 𝔼X,Y=+1[1{f(X)>0}] 𝖳𝖭 = 𝔼X,Y=−1[1{f(X)<0}]
𝖥𝖯 = 𝔼X,Y=−1[1{f(X)>0}] 𝖥𝖭 = 𝔼X,Y=+1[1{f(X)<0}]

𝖥𝟣 =
2𝖳𝖯

2𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭
F-measure
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■ F-measure is more appropriate under class imbalance



Training and Evaluation
■Usual empirical risk minimization (ERM)

minimizing 0/1-error
0

1

training evaluation
𝖠𝖼𝖼 = 𝖳𝖯 + 𝖳𝖭

= 1 − (0/1-risk)
compatible

minimizing 0/1-error
0

1

training evaluation
𝖥𝟣 =

2𝖳𝖯
2𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

incompatible

■ Training with accuracy but evaluating with F1

training
？？？

evaluation
𝖥𝟣 =

2𝖳𝖯
2𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

compatibleDirec
t Opt

imizatio
n■Why not?
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Not only F1, but many others 5

𝖠𝖼𝖼 = 𝖳𝖯 + 𝖳𝖭
Accuracy

𝖥𝟣 =
2𝖳𝖯

2𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

F-measure

𝖩𝖺𝖼 =
𝖳𝖯

𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

Jaccard index

𝖶𝖠𝖼𝖼 =
w1𝖳𝖯 + w2𝖳𝖭

w1𝖳𝖯 + w2𝖳𝖭 + w3𝖥𝖯 + w4𝖥𝖭

Weighted Accuracy

𝖡𝖤𝖱 =
1
π

𝖥𝖭 +
1

1 − π
𝖥𝖯

Balanced Error Rate

𝖦𝖫𝖨 =
𝖳𝖯 + 𝖳𝖭

𝖳𝖯 + α(𝖥𝖯 + 𝖥𝖭) + 𝖳𝖭

Gower-Legendre index

Q. Can we handle in the same way?



𝖥𝟣 =
2𝖳𝖯

2𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

𝖩𝖺𝖼 =
𝖳𝖯

𝖳𝖯 + 𝖥𝖯 + 𝖥𝖭

Actual Metrics

U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1

linear-fraction

𝖳𝖭 = ℙ(Y = − 1) − 𝖥𝖯
𝖥𝖭 = ℙ(Y = + 1) − 𝖳𝖯

Note:

ak, bk, ck : constants

Unification of Metrics 6



Unification of Metrics

■ TP, FP = expectation of 0/1-loss 
▶ e.g. 𝖳𝖯 = ℙ(Y = + 1, f(X) > 0) = 𝔼X,Y=+1[1{f(X)>0}]
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U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1

linear-fraction

a0𝔼P
. . . . . . . . . . . . .

1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1
= := 𝔼X[W0( f(X))]

𝔼X[W1( f(X))]

f(X)

expectation divided by 
expecation



Goal of This Talk 8

Given a metric

Q. How to optimize U( f ) directly? 
▶ without estimating class-posterior probability

(utility)

f : 𝒳 → ℝclassifier
s.t. U( f ) = sup

f′ 

U( f′ )
{(xi, yi)}n

i=1
i.i.d.∼ ℙ

U

labeled sample
metric

U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1



Related: Plug-in Classifier
■ Estimating class-posterior probability is costly!
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Bayes-optimal classifier (accuracy): ℙ(Y = + 1 |x)− 1
2

ℙ(Y = + 1 ∣ X)

0 1
1
2

Y = +1Y = -1

ℙ(Y = + 1 ∣ X)

0 1δ*

Y = +1Y = -1
Bayes-optimal classifier (general case): ℙ(Y = + 1 |x) − δ*

⇒ estimate   P(Y=+1|x)   and  δ independentlyℙ(Y = + 1 |x) δ*

O. O. Koyejo, N. Natarajan, P. K. Ravikumar, & I. S. Dhillon. 
Consistent binary classification with generalized performance metrics. In NIPS, 2014.
B. Yan, O. Koyejo, K. Zhong, & P. Ravikumar. 
Binary classification with Karmic, threshold-quasi-concave metrics. In ICML, 2018.

[Koyejo+ NIPS2014; Yan+ ICML2018]



Formulation of Classification
■Goal of classification: maximize accuracy 
= minimize mis-classification rate 

R̂( f ) =
1
n

n

∑
i=1

1[yi ≠ sign( f(xi))]

=
1
n

n

∑
i=1

ℓ(yi f(xi))
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R̂ϕ( f ) =
1
n

n

∑
i=1

ϕ(yi f(xi))

°1 0 1
m

0

1

¡
(m

)

0/1 (`)

Logistic

Hinge

classified 
correctly

classified 
incorrectly

m = yi f(xi)convexify 0/1 loss

(Empirical) Surrogate Risk

Example of  
▶ logistic loss 
▶ hinge loss ⇒ SVM 
▶ exponential loss ⇒ AdaBoost

ϕ



Target Loss and Surrogate Loss

■ Final learning criteria 
   

■ (Usually) hard to optimize

R( f ) = 𝔼[ℓ01(Yf(X))]

0

1

Yf(X )

ℓ01(Yf(X ))

correctwrong

0/1 loss (target loss)

0

1

Yf(X )

ϕ(Yf(X ))

correctwrong

surrogate loss

■ Easily-optimizable criteria 
   

▶ usually convex, smooth

Rϕ( f ) = 𝔼[ϕ(Yf(X))]
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Convexity & Statistical Property 12

R( f ) = 𝔼[ℓ(Yf(X))]

Rϕ( f ) = 𝔼[ϕ(Yf(X))]

intractable

tractable (convex)

Q. argmin  = argmin  ?Rϕ R

A. Yes, w/ calibrated surrogate

Theorem. 
Assume : convex. 
Then,  
iff . 

(informal)

ϕ

argminf Rϕ( f ) = argminf R( f )
ϕ′ (0) < 0

[Bartlett+ 2006]

P. L. Bartlett, M. I. Jordan, & J. D. McAuliffe. (2006). 
Convexity, classification, and risk bounds. Journal of the American Statistical Association, 101(473), 138-156.



Convexity & Statistical Property 13

R( f ) = 𝔼[ℓ(Yf(X))]

Rϕ( f ) = 𝔼[ϕ(Yf(X))]

intractable

tractable (convex)

U( f ) =
𝔼X[W0( f(X))]
𝔼X[W1( f(X))]

intractable

？？？

calibrated ② calibrated?

① tractable?
Accuracy Linear-fractional Metrics

Q. How to make tractable surrogate?



Non-concave, but quasi-concave 14

 is quasi-concave 

if  : concave,  : convex, 
 and  for 

f(x)
g(x)

f g

f(x) ≥ 0 g(x) > 0 ∀x

(proof) Show  is convex. 

        

NB: super-level set of concave func. 
is convex 
  is convex for 

{x | f /g ≥ α}

f(x)
g(x)

≥ α ⟺ f(x) − αg(x) ≥ 0

∴ {x | f /g ≥ α} ∀α ≥ 0

concave

Idea:                         =  quasi-concave
convex
concave

non-concave, but unimodal 
⇒ efficiently optimized

■ quasi-concave  concave 
■ super-levels are convex

⊇



Surrogate Utility
■ Idea: bound true utility from below
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U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1

linear-fraction
a0𝔼P

. . . . . . . . . . . . .
1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1
=

a0𝔼P
. . . . . . . . . . . . .

1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1

OO

O
O

≥

numerator from below

denominator from above

non-negative sum of concave 
⇒ concave

non-negative sum of convex 
⇒ convex

f (X )



Surrogate Utility
■ Idea: bound true utility from below
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U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1

linear-fraction
a0𝔼P

. . . . . . . . . . . . .
1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1

OO

O
O

≥

Uϕ( f ) =
a0𝔼P[1 − ϕ( f(X))] + b0𝔼N[−ϕ(−f(X))] + c0

a1𝔼P[1 + ϕ( f(X))] + b1𝔼N[ ϕ(−f(X)) ] + c1

: Surrogate Utility
=

O

¡(m)

surrogate loss

:=
𝔼[W0,ϕ]
𝔼[W1,ϕ]

O f (X )



Hybrid Optimization Strategy

■Note: numerator can be negative 
▶  isn’t quasi-concave only if numerator < 0 

▶make numerator positive first (concave), then 
maximize fractional form (quasi-concave)

Uϕ
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a0𝔼P
. . . . . . . . . . . . .

1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1

OO

O
O

Uϕ( f ) = =



Hybrid Optimization Strategy 18

Hazan, E., Levy, K., & Shalev-Shwartz, S. (2015). Beyond convexity: Stochastic quasi-convex optimization. 
In Advances in Neural Information Processing Systems (pp. 1594-1602).

𝔼[W0]

𝔼[W0]
𝔼[W1]

f

f

numerator > 0

numerator is always concave

quasi-concave 
in this area

Strategy 
① update gradient-ascent 

direction while  
② maximize fraction by 

normalized-gradient ascent 
[Hazan+ NeurIPS2015]

𝔼[W0] < 0



Convexity & Statistical Property 19

R( f ) = 𝔼[ℓ(Yf(X))]

Rϕ( f ) = 𝔼[ϕ(Yf(X))]

intractable

tractable (convex)

U( f ) =
𝔼X[W0( f(X))]
𝔼X[W1( f(X))]

intractable

？？？

calibrated ② calibrated?

① tractable?

Accuracy Linear-fractional Metrics

Q. How to make surrogate calibrated?



Justify Surrogate Optimization
■ For classification risk 
 
 
 

■ For fractional utility 
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R( f ) = 𝔼[ℓ(Yf(X))]Rϕ( f ) = 𝔼[ϕ(Yf(X))]
surrogate risk classification risk

Rϕ( fn)
n→∞→ 0 ⟹ R( fn)

n→∞→ 0 ∀{fn}

If     is classification-calibrated loss, [Bartlett+ 2006]ϕ

Note: informal

U( f ) =
𝔼X[W0( f(X))]
𝔼X[W1( f(X))]

Uϕ( f ) =
𝔼X[W0,ϕ( f(X))]
𝔼X[W1,ϕ( f(X))]

surrogate utility true utility

Uϕ( fn)
n→∞→ 1 ⟹ U( fn)

n→∞→ 1 ∀{fn}

What kind of conditions are needed for    to satisfyϕ

?
Q.

P. L. Bartlett, M. I. Jordan, & J. D. McAuliffe. (2006). 
Convexity, classification, and risk bounds. Journal of the American Statistical Association, 101(473), 138-156.



Special Case: F1-measure 21

if     satisfiesϕ

Note: informal

Uϕ( fn)
n→∞→ 1 ⟹ U( fn)

n→∞→ 1 ∀{fn}

▶   
▶   
▶

∃c ∈ (0,1) s.t. supf Uϕ( f ) ≥ 2c
1 − c , limm→+0 ϕ′ (m) ≥ c limm→−0 ϕ′ (m)

ϕ is non-increasing

Theorem

ϕ is convex

■ Example

ϕ−1(m) = log(1 + e−m)

ϕ+1(m) = log(1 + e−cm)

lim
m→+0

ϕ′ (m) = − c
2 ,

lim
m→−0

ϕ′ (m) = − 1
2

O

ϕ(m)

m

non-differentiable at m=0

merely sufficient!

Intuition: 
trade off TP and FP 
by gradient steepness



Experiment: F1-measure 22

(F1-measure is shown)

surrogate loss: ϕ(m) = max{log(1 + e−m), log(1 + e−
m
3 )}

model:  fθ(x) = θ⊤x



Summary: Calibrated and Tractable 
Surrogate for Class-imbalance
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■Goal

U( f ) =
a0𝖳𝖯 + b0𝖥𝖯 + c0

a1𝖳𝖯 + b1𝖥𝖯 + c1

maximize linear-fractional utility

■Tractable Optimization

quasi-concave optimization

=
concave

convex

quasi-concave

■Calibrated Surrogate
If loss is like

then
argmaxf Uϕ( f ) = argmaxf U( f )

O

ϕ(m)

m

②decreasing①grad discrepancy

③convex

a0𝔼P
. . . . . . . . . . . . .

1 + b0𝔼N . . . . . . . . . . + c0

a1𝔼P
. . . . . . . . . . . . .

1 + b1𝔼N . . . . . . . . . . + c1

OO

O
O

Target Surrogate
calibrated

tractable

In usual binary classification...


